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Abstract

Boolean networks (BNs), also referred to as two-valued logical dynamical sys-
tems, provide a powerful discrete dynamical framework for modeling and analyzing
complex systems in biology, engineering, and computer science. They also serve as an
effective representation for bi-strategy evolutionary dynamics in finite-player games.
Evolutionary game theory on complex networks has emerged as an important frame-
work for studying collective behavior in systems with strategic interactions. In par-
ticular, the introduction of higher-order interactions via heterogeneous hypergraphs
significantly enhances the modeling capability of evolutionary games. Evolution-
ary games on heterogeneous hypergraphs can be formulated as multi-valued logical
dynamical systems. By resorting to the semi-tensor product (STP) of matrices,
logical dynamical systems can be equivalently transformed into discrete-time lin-
ear algebraic systems. This algebraic representation also provides a natural bridge
between BNs and evolutionary game dynamics. Based on that, this thesis devel-
ops an algebraic framework for the identification and control of BNs and switched
Boolean networks (SBNs), and further extends it to heterogeneous hyper-networked
evolutionary games (HNEGs). The main contributions are summarized as follows:

e The identification problem for SBNs is investigated under general switching
structures, where switching signals affect both the state evolution and the
corresponding output behavior. The reachability and observability proper-
ties of SBNs are first analyzed, and corresponding conditions are established.
Based on these properties, criteria for SBN identification under both single-
sample and multi-sample scenarios are derived. By incorporating temporal
information, the exact correspondence between system states and outputs is
established, and efficient algorithms are developed for the identification pro-
cedure. Interestingly, an SBN may remain identifiable even when some of its

subnetworks are unidentifiable.

« A novel control objective, termed recurrent output tracking (ROT), is intro-

vi



ABSTRACT vii

duced for BNs and Boolean control networks (BCNs). This formulation relaxes
conventional tracking requirements by allowing system outputs to intermit-
tently and infinitely track a desired reference signal. Algebraic solvability con-
ditions are derived, and constructive state feedback controllers are designed.
Moreover, the periodicity properties of BNs and BCNs are analyzed, showing
that the classical tracking problem is a special case of the recurrent output
tracking problem (ROTP).

o The ROTP is extended to switched Boolean control networks (SBCNs). By
introducing the concepts of recurrent states and reachable sets, necessary and
sufficient conditions are established for the solvability of the ROTP for SBCNs.
An efficient algorithm is further developed to design state feedback controllers
and switching signals such that the system can recurrently track a desired refer-
ence output. This highlights the fundamental role of switching in determining
system reachability and ROT performance.

» Algebraic expression of heterogeneous HNEGs is established via the STP method,
which overcomes the dimensional inconsistency of payoff functions and captures
genuine multi-player interactions induced by hyperedges. By adding control
players to the game, a controlled heterogencous HNEG is introduced, and the
strategy optimization problem is reformulated as a minimum-time set control-
lability problem. Necessary and sufficient conditions are derived to guarantee
that all players’ payoffs simultaneously reach and remain above the prescribed
threshold. Furthermore, a state feedback controller is designed to achieve the

objective in minimum time.
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Chapter 1

Introduction

1.1 Background and Motivations

Boolean networks (BNs) were originally introduced by Kauffman in 1969 to
model and analyze gene regulation processes [I]. Genes in a cell can be viewed
as state nodes of the BN, and the regulatory relationships between genes can be
characterized by the edges of this network. BNs are discrete-time dynamical sys-
tems whose states are represented as binary variables (0 and 1). The interaction
between the various state nodes can be simulated using Boolean functions, and the
value of each state node at time t41 can be obtained from the value of a neighboring
state node at time ¢ through a series of complex logical operations.

To better guide disease treatment and drug preparation, the Boolean control
networks (BCNs) emerged [2], where control inputs are introduced into BNs to
influence the state evolution. Except in biological systems, both BNs and BCNs
have attracted a lot of attention in digital communication and computing systems,
social or economic systems, robotics, game theory and so on [3, [ [5].

The switching phenomena is common in biological systems, for instance, eukary-
otic cell division and growth are typically represented by a sequence comprising four
distinet processes [6]. Similarly, gene expression or substances concentration, as in
the Drosophila segmentation polarity gene network, are often modeled as switching
signals [7]. Such complex phenomena cannot be adequately captured by a single
BN model. To better simulate such dynamics, switched Boolean networks (SBNs)
have been proposed as a natural extension of BNs, where the system evolution is
governed by a family of subnetworks and a switching signal that determines the
active dynamics at each time instant. By adding control inputs to an SBN, it be-

comes a switched Boolean control network (SBCN). To date, notable progress has
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been made in understanding SBNs and SBCNs [8, 9, [10]. It is worth noting that
a switching signal can be associated with different properties or states of a system,
potentially depending on time, state conditions, or external inputs. While switching
signals typically affect states, in more general contexts, they may also impact out-
puts [I1, 12]. The presence of switching significantly enhances modeling capability,
but also brings substantial challenges in system identification and control.

Many complex systems are inherently multi-player and involve strategic interac-
tions among individuals. Evolutionary game theory provides an effective framework
for modeling such systems [13], and networked evolutionary games (NEGs), first
introduced by Nowak and May [I4], further incorporate interaction structures into
the dynamics. In an NEG, the interaction topology is explicitly encoded by a graph,
where players are represented as nodes and their pairwise interactions as edges. Each
player updates its strategy based on its neighbors’ information. BN models can also
be used to describe the evolutionary dynamics of NEGs where each player has two
strategies. Furthermore, in finite NEGs, if the set of strategies a player can choose
is finite, and the evolution of the game depends on limited historical information
from the previous time step, then the evolution dynamics can be described by a
logical dynamical system. A logical dynamical system refers to a system where the
independent variables can only take a finite number of values, including binary clas-
sical two-valued logical networks (i.e., BNs), and more general multi-valued logical
networks. This demonstrates the natural connection between BNs and NEGs. In
recent years, with the development of complex network theory, NEGs have found
extensive applications in diverse fields such as social cooperation and energy demand
response [15], [16].

However, most existing NEG models are based on pairwise interactions, which
are insufficient to describe higher-order interactions arising in applications such as
group cooperation and multi-player decision-making [I7, [I8, 19, 20]. To address
this limitation, hypergraphs have been introduced to model multi-player interactions
[21], leading to hyper-networked evolutionary games (HNEGs) [22]. It is noted that
a hyper-network is referred to as a network endowed with a hypergraph topological
structure [23]. In particular, heterogeneous hypergraphs, which capture variations in
both interaction size and connectivity (i.e., degree and order heterogeneity), provide
a more realistic description of complex systems [24, 25], but significantly increase
the analytical and control complexity.

BNs and HNEGs are both logical evolutionary processes described based on

logical judgment, reasoning, and decision-making. Although logical expressions can




INTRODUCTION 3

reveal the evolutionary process, purely logical approaches often suffer from limited
scalability and lack of systematic design methodologies. For example, the results
regarding fixed points and cycles in BNs are only applicable to specific systems
[26, 27], and research on NEGs mainly utilizes median methods [28] and computer
simulations [29], so that it is difficult to analyze the dynamic behavior of each player.
The introduction of the semi-tensor product (STP) of matrices has significantly
advanced the study of logical systems by enabling the transformation of logical
dynamics into equivalent algebraic representations [30]. This mathematical tool
was first proposed by Cheng to deal with Moore’s problem in 2001 [31]. It allows
logical dynamics to be analyzed using matrix-based tools [32], thereby facilitating the
investigation of fundamental properties and control problems such as controllability
and observability [33] [34], stability and stabilization [35, [36, [37], decoupling [8, 38],
synchronization [39, 40], and optimal control [41], 42] within a unified setting. In
addition, a comprehensive survey on the engineering applications of the STP method
can be found in [43].

Motivated by the above considerations, this thesis investigates the identifacation
and control of BNs and SBNs, and the applications to evolutionary games with
higher-order interaction. The main focus is placed on three interrelated problems:
the identification of SBNs, the recurrent output tracking (ROT) of BNs, BCNs and
SBCNs, and the strategy optimization of heterogeneous HNEGs. These problems
are interconnected through the common algebraic framework provided by the STP
approach, which enables a unified treatment of logical dynamics and evolutionary

game processes.

1.2 Literature Review

Within the extensive literature on BN and NEG models, we can identify three
main research areas particularly relevant to our discussion, including some fun-
damental properties and tracking problems of BNs and SBNs, and optimization
problems of NEGs. In this section, we will address each of these areas, briefly

summarizing the key results from relevant research and the literature.

1.2.1 Several Fundamental Properties of BNs and SBNs

Identification plays a fundamental role in understanding and controlling complex
systems, as it seeks to infer a system’s structure, dynamics, or behavioral character-
istics through the analysis and processing of specific data or information. Extensive
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research has been conducted on identifying different kinds of systems, including
linear systems and nonlinear systems [44], 45, 46]. As an important subclass of non-
linear systems, BNs have also garnered significant attention in this area [47, 48] 49].
The introduction of the STP has provided novel insights into the topic, converting
the identification problem of the original system into identifying its algebraic forms,
specifically into state and output structure matrices. Initial studies, [50], employed
this method to establish conditions for identifying BNs from observed data and pro-
vided identification algorithms for some particular network types. Concurrently, [51]
demonstrated that BCNs could be identified by satisfying observability and control-
lability criteria. Subsequently, [52] addressed the identification of B(C)Ns without
stringent system property requirements. Zhang [53] optimized the identification
process of the relationship between structure matrices and nodes in [50] by incor-
porating prior topological information, while [54] further leveraged controllability
and observability theories to design efficient identification algorithms. Additional
challenges in identifying delayed B(C)Ns and singular B(C)Ns were also explored
55, [56].

Observability is a key prerequisite for identification [511, 54], which can be viewed
as a measure of the distinguishability between distinct initial states of a system
using only input-output data [57]. That is, it concerns whether the initial state
can be uniquely determined from input-output data. Cheng [34] first introduced the
concept of observability of BNs and established corresponding criteria. [58] proposed
a concept different from that in [34], provided the necessary and sufficient conditions
for the observability of the system, and established a method for observer design.
For a comprehensive introduction of various observability definitions for BNs, please
refer to [59].

Subsequent studies have further developed various criteria and methods for ob-
servability analysis of B(C)Ns. Zhao introduced an input-state incidence matrix for
observability determination [60]. [61] proposed a graph-theoretic approach to trans-
form observability into a structural property of graphs. Zhang further introduced
finite automata theory and proposed the concept of weighted pairing graphs, suc-
cessfully unifying the four mutually inequivalent BCN observability definitions in the
literature and revealing the nonlinear nature of the systems [62]. Yu then gave the
necessary and sufficient conditions for observability from the perspective of logical
matrix equations [63] and further provided a more general and direct criterion for
observability of BNs [64], while [65] skillfully transformed the observability problem

into a set controllability problem, achieving theoretical transformation and unifi-
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cation. Additionally, the observability of other logical networks, including SBCNs
[66, [67], delayed BCNs [68], 69], and probabilistic BNs [70], has also been investi-
gated. Existing observability studies on SBCNs generally assume that the switching
signal affects only the state transition dynamics [66], [67]. In contrast, for SBNs
in which switching signals affect both the state transition and output dynamics,
switching signals may introduce additional observational information, enabling the
distinguishability of all states more easily. To the best of our knowledge, the such
systems’ observability has received very limited attention. Zhang et al. [I2] inves-
tigated the observability of this class of SBNs with control inputs by verifying the
recognizable languages of deterministic finite automata.

Reachability and controllability are two fundamental properties of logical dy-
namical systems, which also play a crucial role in system analysis and identification.
Reachability characterizes whether a given state can be driven from another state
via admissible inputs. Controllability is a stronger global attribute, which refers to
the ability of the system to reach any target state through appropriate control input
sequences from any initial state in the state space [34]. Zhao proposed controllability
criteria and a controller design algorithm through the input-state incidence matrix
[60]. [71] introduced the Perron-Frobenius theory to provide a profound mathemat-
ical perspective for controllability determination. Subsequently, [7] further solved
the controllability problem of SBCNs. Further, [72] investigated reachability and
controllability for more complex delayed SBCNs. Moreover, [73] unified the judg-
ment criteria under mixed controls through the results of set controllability. Aiming
at the randomness existing in real systems, [74] extended the theoretical framework
of the Markov jump model. Recently, the focus of research has shifted to addressing
the computational bottleneck of large-scale networks, and aggregation methods and
reinforcement learning methods have been introduced to solve the problem [75], [76].

In actual biological systems, many key processes (such as apoptosis or differ-
entiation) often behave as the state trajectory entering a specific functional region
rather than a single state, from which the two important concepts of set reacha-
bility and set controllability are derived. Set reachability refers to the ability of
the system trajectory to enter the target set from a given initial state (or set) in a
finite number of steps; in the controlled case, if there is a control sequence that can
drive the system from any initial state to the target set, the system is said to be
set controllable. Cheng first revealed the intrinsic equivalence between observability
and set controllability of BCNs, laying an algebraic foundation for the determina-

tion of this property [65]. Subsequently, researchers have made extensive extensions
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for more complex network models. For example, [77] studied set controllability for
SBCNs; [78] studied Markov jump BNs, defined strong/weak set reachability, and
gave probabilistic criteria; [79] and [80] respectively explored the relevant properties
of impulsive probabilistic BCNs and state-dependent impulsive systems, the latter
also optimized the design of pinning controllers through Hamming distance. In ad-
dition, for special update rules and structures, [81] analyzed set reachability under
state-dependent asynchronous updates; [82] solved the set controllability problem of
periodically switched SBCNs.

The study of set reachability and set controllability has formed a complete system
from basic theory to complex dynamic models. These properties not only form the
cornerstone of the qualitative analysis of logical dynamical systems, but also provide
a core theoretical foundation for the further study of advanced control problems
such as observability and reconstructibility, set stabilization, and output tracking
[65] [83], [841 85]. By accurately depicting the set evolution rule, we can further realize
the dynamic control and global optimization of individual strategic behavior under
the complex framework of NEGs. This series of theoretical results provides key
analysis tools and criteria for subsequent research on output tracking control and

game strategy optimization under complex logical networks.

1.2.2 Owutput Tracking Control of BNs and SBNs

The output tracking problem (OTP) aims to seek proper controllers to ensure
that the outputs of a controlled system always track a prescribed reference signal
after some time. It is a fundamental issue in control theory. The OTP of BCNs with
respect to a fixed signal was first discussed in [86]; the authors deduced solvability
criteria using the optimal control method, and then [87] investigated it using the
state feedback method. Subsequent studies approached the OTP of BCNs with a
dynamic signal using bilinear equations [88], and control invariant subsets of auxil-
iary systems [85]. Additional studies have explored the OTP of other types of BNs,
such as SBCNs [89) 90], delayed BCNs [91], and probabilistic BNs [92].

Notably, to overcome the computational complexity inherent in traditional meth-
ods, [93] investigated the output trackability of BCNs by employing the Ledley
antecedence solution, which provides a more direct way to solve logical equations.
This approach naturally leads to the introduction of the truth matrix method [94].
The truth matrix, originating from the algebraic representation of logical mappings,
serves as a powerful tool to describe the input-output relationships of logical op-
erators. Furthermore, the truth matrix approach provides a clear description of
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one-step evolutionary dynamics while maintaining computational simplicity, and it
can be readily implemented via software tools such as MATLAB. By leveraging
the properties of truth matrices, a variety of control issues beyond OTP have been
addressed, such as stabilization [95] [06], stabilization [97], optimal control of BNs
[98], and strategy optimization of NEGs [99], offering a more efficient computational
framework for logical systems.

While achieving output tracking (OT) is highly desirable, it is often challenging in
practice due to resource constraints and the need for improved system performance.
In many real-time control applications, systems must respond to periodic signals or
events. For example, in automation equipment operations, particularly on assembly
lines or in manufacturing processes, machines repeat a series of precise actions, often
periodically, such as picking and placing components during the assembly cycle.
Their control systems must track these periodic reference signals to ensure accuracy
and repeatability in operations [T00]. Similarly, in power systems, the output of a
generator must be adjusted to specific frequencies and voltages to ensure the stable
operation of the power grid and a reliable energy supply [101]. Periodic OT, which
aims to design controllers such that the system tracks a periodic reference signal,
has consequently gained widespread attention [102, 103, T04].

Despite its attractive properties, periodic OT may be infeasible or even lead to
malfunctioning in certain real-time control applications. For instance, in a fault-
tolerant environmental monitoring network, sensors may intermittently fail due to
hardware faults or environmental disruptions, causing temporary deviations from the
desired reporting pattern. However, backup mechanisms or system redundancies can
enable recovery [105], ensuring that the outputs intermittently and infinitely align
with the reference signal. In such scenarios, conventional OT would classify these
deviations as system failures, as continuous alignment with the reference signal
is not maintained. Similarly, in gene therapy for cancer or Alzheimer’s disease,
therapeutic gene expression must be carefully regulated to achieve desired expression
levels intermittently, though not necessarily periodically. This approach mitigates
the risks of overexpression while maintaining long-term therapeutic efficacy [106].
To the best of our knowledge, there is currently no concept to describe such tracking

phenomenon.

1.2.3 Optimization Control of NEGs

NEGs provide a powerful framework for analyzing the collective behavior of in-
teracting individuals in biological, social, and economic systems. However, due to
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the lack of corresponding mathematical tools, it is difficult to directly analyze the
dynamics of NEGs. Luckily, by allowing the multiplication of matrices with arbi-
trary dimensions, STP enables the representation of strategy profiles as canonical
basis vectors, through which NEGs can be formulated as logical dynamical systems.
Cheng [107] systematically analyzed the existence of stable strategy situations of
NEGs for the first time, and studied the equivalence of two NEGs by using equiv-
alence classes. This algebraic representation has led to significant progress in the
modeling, stability analysis, consensus, and control of NEGs [I08, 109, 110]. A
comprehensive overview of the applications of the STP method in NEGs has been
reported in [T11].

In fact, many real-world interactions are inherently higher-order [112] [IT3]; thus,
researchers have shifted their attention from NEGs to HNEGs. Existing studies
on HNEGs, such as [114], 115, 116], were mainly developed under the assumption
of homogeneous hypergraphs. In particular, [I16] employed the STP method to
derive a fundamental evolutionary equation for all players, thereby establishing a
mathematical model for HNEGs. This framework has facilitated subsequent inves-
tigations into dynamical behaviors, including convergence and potential properties
[T17, 118, 119]. However, real-world hyper-networks are typically heterogeneous,
exhibiting both degree and order heterogeneity, which significantly complicates the
modeling and analysis. For example, [24, 25] discussed how the heterogeneity of
degree and order affects the evolution of group cooperation behavior. Although
some works, such as [120], have considered heterogeneous hypergraphs, the payoff
of each player is still constructed as the aggregation of pairwise interactions within
hyperedges.

Strategy optimization is a fundamental objective in evolutionary game analysis,
aiming to enhance group payoffs, foster the emergence of cooperation, or regulate
collective behaviors. Existing literature has primarily investigated convergence to-
ward optimal strategies, such as Nash equilibria, under unconstrained scenarios
[121], 122], 123]. However, such approaches emphasize optimality while overlooking
practical survival requirements of individual players. In many real-world scenarios,
players must maintain their payoffs above certain thresholds to sustain participa-
tion, such as firms maintaining operational viability or individuals remaining active
in social or economic systems [124], 125, 126]. From this perspective, ensuring that
each player’s payoff reaches and remains above a prescribed threshold is crucial for

system stability and sustainability.
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1.3 From Critical Gaps to Thesis Contributions

The existing literature underscores the profound significance of identifying and
controlling logical dynamic systems, as well as optimizing strategies for NEGs. How-
ever, a critical theoretical disconnect persists within current control and optimization
paradigms, which motivates the core research of this thesis.

First, when switching signals modulate both the state evolution and the output
mapping, the input-output behavior of SBNs becomes more complex, as identical
state trajectories under different subnetworks may produce distinct outputs. How-
ever, existing studies have ignored the impact of switching signals on system iden-
tification and the identification methods used for BCN identification (e.g., [54]) are
generally not applicable under such conditions. Moreover, an SBN can be viewed
as a collection of BNs evolving under a switching signal. This raises the natural
question: for an SBN, is there any relationship between the identification of the
subnetworks and that of the entire system? Therefore, focusing on such SBNs, we
establish necessary and sufficient conditions for system identifiability by establish-
ing the exact correspondence between system states and outputs by incorporating
temporal information and develop the corresponding identification algorithms. And
we find that even if certain subnetworks of an SBN are unidentifiable, the overall
SBN may still be identifiable.

Additionally, for the observability of SBNs where the switching signal influences
both states and outputs, existing study relies on the recognizable languages of the
deterministic finite automaton. However, the applicability of this method is lim-
ited to very small-scale systems and requires knowledge of formal languages and
deterministic finite automata to understand the approach [127]. Thus we propose
an alternative algebraic criterion based solely on the structural matrices of SBNs,
which can be straightforwardly implemented via matrix operations.

Then, although OT and periodic OT are important research topics in the field
of control, they cannot capture the infinite and intermittent tracking phenomenon
of a system. This observation motivates the notion of recurrent output tracking
(ROT), which relaxes the requirements of OT and periodic OT. In this thesis, we
first introduce the concept of ROT for BNs and BCNs starting from a given ini-
tial state, propose the algebraic conditions for solvability of the recurrent output
tracking problem (ROTP), and give constructive methods to design the correspond-
ing state feedback controllers. As an extension, we further investigate the ROT
for SBCNs starting from any initial state, and the obtained results highlight the
interplay between switching signals and controls in achieving ROT.
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Finally, existing studies mainly focus on homogeneous HNEGs or HNEGs whose
hyperedges are primarily utilized to describe participation structures rather than to
induce genuine multi-player payoff coupling. It is, therefore, imperative to investi-
gate heterogeneous HNEGs characterized by hyperedge-induced multi-player payoff
structures. Moreover, while threshold constraints have been widely discussed in tra-
ditional pairwise interaction settings, they remain largely unexplored in the context
of heterogeneous HNEGs, where structural heterogeneity introduces unprecedented
analytical and control challenges. To address these critical gaps, we establish a rigor-
ous algebraic framework for such heterogeneous HNEGs via the STP method. Build-
ing upon this framework, we introduce a controlled heterogeneous HNEG model by
incorporating external control players into the game dynamics. We derive neces-
sary and sufficient conditions to guarantee that all players’ payoffs simultaneously
reach and remain above a prescribed threshold. Furthermore, a time-optimal state

feedback controller is designed to achieve this control objective.

1.4 Main Contents and Thesis Organization

In reaction to the above analysis, this thesis investigates the identification of
SBNs, the ROT of BNs and SBCNs, and the strategy optimization of heterogeneous
HNEGs. The main contents of each chapter are summarized as follows:

o Chapter [l Introduction This chapter introduces the background and moti-
vation of this thesis, including BNs, SBNs, and HNEGs, and reviews the related
literature. It formulates the main research problems and provides a systematic
overview of existing studies, highlighting key concepts and methodologies. In
addition, the chapter critically analyzes related work, identifies research gaps,
and establishes the positioning of this research within the broader academic
landscape.

o Chapter Preliminaries This chapter introduces the necessary prelimi-
naries, including the STP tool, BNs, SBNs, and basic concepts in NEGs on
hypergraphs.

o Chapter Identification of Switched Boolean Networks This chap-
ter focuses on the identification problem for SBNs under general switching
structures where the switching signal may influence both the state transition

and the output mapping. By establishing a unified algebraic representation,
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necessary and sufficient conditions for system identifiability are derived. Fur-
thermore, both single-sample and multiple-sample identification schemes are
developed, revealing that the overall system can remain identifiable even when

certain subnetworks are not individually identifiable.

« Chapter [4: Recurrent Output Tracking of Boolean Networks A novel
control objective, termed ROT, is introduced for BNs and BCNs. This for-
mulation relaxes the requirements of conventional OT by allowing the system
outputs to track the desired reference signal infinitely often over time. Alge-
braic conditions for solvability are established, and constructive methods are
proposed to design state feedback controllers that guarantee recurrent tracking

performance.

« Chapter [t Recurrent Output Tracking of Switched Boolean Con-
trol Networks The ROTP is further extended to SBCNs, where both control
inputs and switching signals are treated as design variables. By reformulating
the problem in terms of set controllability, equivalent conditions for solvability
are derived, and systematic controller design procedures are developed.

« Chapter[6} Strategy Optimization of Controlled Heterogenous Hyper-
networked Evolutionary Games The proposed algebraic framework is ap-
plied to heterogeneous HNEGs. By representing the game dynamics as log-
ical dynamical systems, the strategy optimization problem is formulated as
a minimum-time set controllability problem. Conditions for the existence of
admissible control strategies are established, and time-optimal strategy design

methods are developed under payoff threshold constraints.

« Finally, Chapter [Tt Conclusion and Future Work This chapter concludes

the thesis and discusses possible directions for future research.

The structure of the thesis and the summary of contributions are shown in Fig-

ures [L.T] and [I.2] respectively.
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Chapter 2

Preliminaries

In this chapter, we will recall the definition and properties of STP, algebraic ex-
pression of logical functions, B(C)Ns, SB(CN)s, and NEGs and hypergraphs, which
will be used throughout this thesis.

2.1 Semi-tensor Product of Matrices

2.1.1 Definition and Basic Properties

Before presenting the definition of the STP, we first introduce the concept of the
Kronecker product of matrices.

Definition 2.1. ([30]) Let A = (ai;) € Ryxp and B = (b;;) € Ry,. The Kronecker
product of matrices A and B is defined as

apnB  apB - a,,B
anB apB - ay,B

AeB=| """ 77 T e R (2.1)
a’mlB amQB cet amnB

Definition 2.2. (J30]) The semi-tensor product (STP) of two matrices A € R,xn
and B € R, is defined as

A X B - (A ® Ilcm(n,p) )(B ® .[lcm(n,p) )

n

If n = p in Definition 2.2 then A x B = AB. Thus the STP generalizes the

conventional matrix product while preserving its main properties such as associative

13
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law and distributive law. For simplicity, the symbol “x” is omitted throughout the
thesis whenever no ambiguity arises.

Lemma 2.3. ([30]) Some basic properties of STP are listed as follows:

(i) For X € R" and M € R, xn,

XM = (I, ® M)X.
(ii) For X e R", Y € RF,
WyinXY =YX,
where Wigy = (I, @ 04, It @ 67, - -+, Iy ® 0;] € Lyuxre 15 called a swap matriz.

(iii) For X € Ay,
XX = M, X,

where M, = diag{d},62,--- 0t} is called a power-reducing matriz.

(iv) For X € Ay, and Y € Ay,, define the following two dummy matrices
D;klvkﬂ = [k’1 ® 1;527 Dr[*kh]@] = 151 ® [kz'

Then Dgckl’kQ]XY = X and DF*IXY =Y | where Dyﬁ’kﬂ and DIF*2] are called

“front-maintaining operator” and “rear-maintaining operator” respectively.

For more details on the STP, the reader is referred to [30].

2.1.2 Algebraic Representation of Logical Functions

Throughout this thesis, the semi-tensor product provides a unified algebraic rep-
resentation for all logical systems under consideration.

Identify “1 ~ §3” and “0 ~ 63”, 05 and &3 are called the vector form of 1 and 0
respectively. Then it is easy to transform a Boolean function into an algebraic form
by the following lemma.

Lemma 2.4. ([30]) Let f(X1, Xs, -+, X,,) : D" — D be a Boolean function. Then
a unique matrix My € Layon can be found, called the structure matriz of f, such
that

f(X17X2;"‘ 7Xn) = Mf l><?21 Zi,

where x; € A is the vector form of X;, i ={1,2,--- ,n}.
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For any i € Dy, it is associated with the corresponding canonical vector 4,
namely, i ~ 0, i = 1,2,--- k. Accordingly, i can be equivalently viewed as an
element of Ay, which refers to the vector form of 7. Then it is easy to transform a

k-valued logical function into an algebraic form by the following lemma.

Lemma 2.5. [30] Let f : D} — Dy, be a k-valued logical function, then there exists
a unique matrizc Ny € Lyxpn, such that in vector form we have

f(Xla"' 7Xn):Nf [X;Lzl L, (22)

where My s called the structure matriz of f. Additionally, let ¢ : D} — R be a
k-valued pseudo-logical function, then there exists a unique row vector V¢ € RF",
such that in vector form we have

C(Xl, s ,Xn) = Vc D(nzl Z;. (23)

(2

where V¢ is called the structure vector of c.

The algebraic representations of the STP and logical functions introduced in
this section form the mathematical foundation of the entire thesis. By transforming
discrete logical variables and mappings into vector and matrix operations, STP elim-
inates the essential barriers of analytic logical dynamics systems. In the following
chapters, this algebraic framework will be directly used to construct the evolution
equations of various complex networks, especially the structure matrix derivation of
BNs in Chapter [3] and the explicit establishment of HNEG dynamics equations in
Chapter [0

2.2 Algebraic Representation of BNs and BCNs

A BN is described as:

. (2.4)
(t): (t)aXQ(t)a 7Xn(t>>7 9:1727 » Py

where X; € D,i=1,2,--- ,ndenotes the statenode, Y; € D, j = 1,2,--- ,p denotes
the output node, and f; : D" — D, h; : D" — D are Boolean functions. In what fol-
lows we use X (t) := (Xi1(t), Xao(t), -, Xn(t)) and Y (t) := (Yi(t), Ya(t), -+, Yp(£)).
Let X; ~ x; and Y; ~ y;. According to Lemma , system (2.4)) can be equiva-

Xz(t+ 1) = fi(Xl(t)aX2(t)7 o ’Xn(t))7 1= 1727 N,
Y; (X
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lently expressed as:

{aci(t—i— 1) =L k™, 2;(t), i=1,2,--- ,n, (25)

y;(t) = H; Xy m4(t), 5=1,2,--- ,p,

where L; € Loyon is the structure matrix of function f; and H; € Lyyon is the struc-
ture matrix of function h;. Denote x(t) = XJ_ 2;(t) € Agn and y(t) = x5_,y;(t) €
Agp, then system (2.5)) can be written as:

(2.6)
y(t) = Ha(t),
where L := Ly * Lo * -+ % L,, € Lonyon and H := Hyx Hy % - -+ x Hy, € Lopyon are the

state structure matrix and the output structure matrix of system ({2.4)), respectively.
By adding control to the BN ([2.4)), it becomes a BCN, which is described as:

{m(t +1) = La(t),

{ Xt + 1) = JX(O, 00, 0af0), - Un(@), = 1,200 27)
t

Yi(t) = hi(X(#), 5 =1,2,---,p,

where X; € D, 7 = 1,2,--- ,n denotes the state node, U, € D, k = 1,2,--- . m
denotes the input node, Y; € D, 7 = 1,2,---,p denotes the output node, and
fi : D" — D, h; : D" — D are Boolean functions. In what follows we use
U(t) .= (Ui(t), Us(t), -+, Un(t)).

Let Uy ~ ug. Denote u(t) = Xj ug(t) € Agm. Similar to the algebraic ex-
pression of system , system can be equivalently expressed as according to
Lemma 2.4

{:p(t +1) = Lu(t)a(t), 28)
y(t) = Hz(t),
where L € Lonyon+m and H € Lopyon.

This section demonstrates how STP can be used to transform traditional BNs

and BCNs into linear discrete-time dynamical systems. This algebraic form (as
shown in equations ([2.6) and (2.8)) greatly facilitates the research in Chapter
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2.3 Algebraic Representation of SBNs and SBCNs

A switched Boolean network (SBN) with p subnetworks is modeled as:

(t+1) = fOXW), i=12-n
{ Yi(t) = hi(X(8), j =12, .p, (2.9)

where X(t) : N — {1,2,---,u} is the switching signal, X; € D, i = 1,2,--- |n
denotes the state node, Y; € D, j = 1,2,--- ,p denotes the output node, and
fiz(t) : D" — D, h; : D" — D are Boolean functions.

Relying on Lemma , the equivalent algebraic form of system is:

{ 2(t+1) = L¥Og(1), (210

where z(t) = X x;(t) € Agn, y(t) = xP_1y;(t) € A, LF € Lonyon is the state
structure matrices of the k-th subnetwork and H € Lovr«on the state structure ma-
trices of the system.
Set L = [L',L* -+ | L"] € Lony,9n. Let ¥ ~ o, where o(t) € A,. Then, SBN
is equivalent to
{ 2(t+1) = Lo(t)z(t), (2.11)

Obviously, Lo(t) = L¥®.

Remark 2.6. If we regard the switching signals as controls for the SBN the
system will be equivalent to the BCN .

By adding control to the above SBN, system ([2.9)) becomes an SBCN with
subnetworks, which is described as:

(1) = £2OX @), U@®), i=1,2, ,n,
{ Y(t) = hy(X(1), j=1,2,---,p, (2.12)

where the function fiz(t) : D™ — D and h; : D" — D are Boolean functions.
Similar to the algebraic expression of the system (2.9), the SBCN (2.12)) can be
equivalently expressed as:

{x(t +1) = Lo(tyu(t)z(t), (2.13)
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where L € Lonyontm and H € Lopyy.on.

The algebraic representations of traditional SBNs and SBCNs further extend the
modeling scope of BNs, enabling effective description of dynamic systems with dif-
ferent subnetworks. The switched models derived in this section lays the foundation
for the SBNs in Chapter [3] where switching signals simultaneously affect both state
and output, and becomes the core research object of Chapter

2.4 NEGs and Hypergraphs

Definition 2.7. ([LI07]) A finite normal game G = (N, S, C) consists of the following

elements:
(i) The set of players: N = {1,2,--- ,n}.

(ii) The strategy profile: & = [[7;S;, where S; = {1,2,--- ,k;} is the set of
strategies of player ¢. Additionally, S_; :=[];; ;.

(iii) The set of payoff functions: C' = {c1,¢a,- -+, ¢y}, where ¢; : S — R denotes
the payoff function of player 1.

The finite normal game representation serves as a fundamental building block
for modeling multi-player interactions on hyperedges in heterogeneous HNEGs.

Definition 2.8. A normal game with m players is called an m-player fundamental
network game (FNG), if $; =S =---=8,, ={1,2,---  k}.

We then introduce the definition of a hypergraph and related heterogeneity no-

tions.
Definition 2.9. ([21] 24])

1) The tuple (N, E) is called a hypergraph if it consists of a set of nodes N =
{1,2,--- ,n} and a set of hyperedges E = {E*, E? --- | E"} C 2V, where 2V is
the set of subsets of set N. The group size of the [-th hyperedge is referred to
as its order, denoted by ¢; := |E'|. The number of hyperedges to which node i
belongs is called the degree of node 7, denoted by k;.

2) If there exist at least two nodes i and j such that k; # k;, then (IV, E) is
called a degree-heterogeneous hypergraph. If there exist 4,0y € {1,2,--- ,r}
such that g;, # gi,, then (N, E) is called an order-heterogeneous hypergraph.
A hypergraph that is both degree-heterogeneous and order-heterogeneous is
called a heterogeneous hypergraph.
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In particular, when g, = 2 for all [ = 1,--- 7, the hypergraph (N, E) reduces
to a conventional graph. A simple example of a heterogeneous hypergraph and a
graph is given below.

Example 2.10. A heterogeneous hypergraph with five nodes N = {1,2,3,4,5},
three hyperedges £ = {E', E? E3} is shown in Figure 2.1h). Here, E' = {2,3},
E? = {3,4,5}, and E3 = {1,3,4}. The corresponding hyperedge orders are g; = 2
and go = g3 = 3. The degrees of the five nodes are k; = ko = k5 = 1, k3 = 3 and
ky = 2. As illustrated in Figure ), a traditional graph representation reduces
each hyperedge to pairwise edges, thereby losing the explicit description of higher-

order interactions.

o 2@ @ 2@
El

3@ 3@
®- ®; ®: ®;

E2

E3

a). Hypergraph b). Traditional graph

Figure 2.1: Hypergraph and graph. a). A heterogeneous hypergraph with five nodes and
three hyperedges; b). A graph with five nodes and six edges.

In games on the conventional graph, the overall payoff of player i is typically
obtained by summing the payoffs from all 2-player FNGs over its neighborhood
[T07, 108, 109, 110]. However, such a pairwise decomposition is no longer sufficient
to capture genuine multi-player interactions. Based on the heterogeneous hyper-
graph structure, each hyperedge E' € E naturally induces a normal game among
the participating players. Specifically, for a hyperedge E' = {iy, iy, - ,in}, the
corresponding interaction can be formulated as an m-player FNG, where the payoff
function of each player is denoted by cfl, i € E'. It is noted that hyperedges of
the same order share the payoff structures in this paper. Suppose that the hetero-
geneous hypergraph admits o hyperedge orders, denoted by g := {g1, 92, , Ja}-
Thus, there are « FNGs, denoted by Gy, Ga, - - - , Gy, where Gy, is a g,,-player FNG,
on the hypergraph.

For a player i € N, let k; hyperedges on which it belongs be denoted by E(i) :=
{E},E? -, Elkz} The set of neighbors of player i on the hyperedge E! is denoted
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by N(i, E!). Then, the overall neighbor set of player i is given by

&

N;:=J N, E).

=1

Definition 2.11. A heterogeneous hyper-networked evolutionary game (HNEG) is
described by a triple ((N, E), G, H), where

(i) A heterogeneous hypergraph (N, E), where N = {1,2,--- n} is the set of
players (nodes) and £ = {E', E? ... | E"} is the set of hyperedges.

(ii)) The set of FNGs G := {G1,Ga, -+ , G}, where G,, is a g,-player FNG, m €
{1,2,--- ,a}. It means that if E' = {iy,is,- - - ,ig, }, then players iy, ia, - - - , 45,
play the g,,-player FNG.

(iii) The strategy updating rule II, which decides the strategy of player i at time

t + 1 and is expressed as
it +1) = fi({z;(t), c;(t) | j € Ni}), i€N, (2.14)

where z;(t) € S; denotes the strategy of player i at time ¢, N; denotes the set
of neighbors for player 4, ¢;(t) denotes the payoff of player j € N; at time ¢ and
the strategy updating function f; is a mapping from the strategies and payoffs
of the players in V; at time t to a strategy.

Remark 2.12. Definition provides a more general concept of the heterogeneous
HNEGSs. The public goods games on hypergraphs studied in [17, [24], [25] and the mul-
tiplayer snowdrift games on hypergraphs studied in [253] are particular instantiations

of the proposed heterogeneous HNEG framework.

This section introduces the basic definitions of heterogeneous hypergraphs and
HNEGs. Compared to traditional graphs, hypergraphs can more realistically depict
high-order nonlinear interactions between multiple players, but also significantly
increase the mathematical complexity of revenue calculation and strategy updates.
The game structure and neighbor topology defined in this section will be combined
with the STP tool in the first section and used as the core tool in Chapter[6] At that
time, we will overcome the modeling difficulties caused by high-order interactions,
formally establish a algebraic framework for heterogeneous HNEG, which can be
viewed as a class of logical dynamical systems, and solve the optimization problem
based on this framework.




Chapter 3

Identification of Switched Boolean
Networks

System identification plays a fundamental role in inferring system behaviors from
observed data and serves as a prerequisite for subsequent analysis and control design.
To date, identification problems have been extensively studied for BNs and BCNs
[50, 51, 52 53, B54]. For switched systems, it is commonly assumed that the switching
signal affects only the state transition dynamics, while the output mapping remains
invariant. Under this assumption, the identification of SBNs can be reduced to
that of BCNs. However, in many practical scenarios, the switching mechanism
may simultaneously influence both the state evolution and the output generation
processes [I1, 12]. In this more general setting, identical state trajectories under
different subnetworks may produce distinct outputs, which significantly increases the
complexity of the identification problem and renders existing methods inapplicable.

To address these challenges, this chapter investigates the identification problem
for SBNs under general switching structures. By employing the STP method, a
unified algebraic representation of the SBN is established. Based on this formula-
tion, the reachability and observability properties of SBNs are first analyzed, and
corresponding detection conditions are derived. Building on these results, identifi-
cation criteria are developed for both single-sample and multiple-sample scenarios.
By incorporating temporal information, the correspondence between states and out-
puts can be determined, leading to effective identification algorithms. It is further

shown that even if some subnetworks are unidentifiable, the overall SBN may still
be identifiable.

21
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3.1 Problem Formulation

Consider the SBN ([2.9)) in Chapter . When the switching signals also affect the
outputs of the p subsystems, the mathematical model of SBN ([2.9) becomes the

following form:

{X(t+1) FOX@), i=1,2-n, (3.1)

Yi(t) = b (X (1), =12, ,p,

where X; € D,i=1,2,--- ,ndenotes the statenode, Y; € D, j =1,2,--- ,p denotes
the output node, and fiE(t) : D" — D, hjz(t) : D" — D are Boolean functions. In
what follows we use Y (t) := {Y1(¢), Ya(¢), -+, Y,(¢)}.

» P

Definition 3.1. SBN (3.1) is said to be identifiable, if ff and A%, i =1,2,--- ,n
Jg=12--- p, k=12, u, can be uniquely determined via certain switching
signal and observed output data {¥(0),%(1),---} and {Y(0),Y(1),--- }.

Relying on Lemma , the equivalent algebraic form of system (3.1)) is:

x(t+1)= Lg(t){l?(t),
{ y(t) = Hewz(t), 32

where x(t) = Xj_ 25(t) € Aogn, y(t) = xi_yy;(t) € Ay, and Ly € Lonyon and
Hy € Lopyon are the state and output structure matrices of the k-th subnetwork,
respectively.

Set L = [Ly, Ly, -+ ,L,] € Lony,on and H = [Hy, Hy, -+ ,H,] € Lopy,on. Let
¥ ~ o, where o(t) € A,. Then, SBN is equivalent to

y(t) = Ho(t)z(t),

Obviously, Lo(t) = Lyy) and Ho(t) = Hyyy.
From the algebraic formulauons presented in (3.2) and (3.3)), it is evident that
identifying the matrices L and H is equivalent to identifying the structure matrices

{ z(t+1) = Lo(t)z(t), (3.3)

of each subnetwork L, and Hjp with £ = 1,2,---  u. Furthermore, as outlined in
Proposition 7.3 of [30], we can deduce the Boolean functions of each node in the
k-th subnetwork, i.e., f¥ and h;?, from the matrices L; and Hj. This can be done by
following the procedure for reconstructing the original system through its structure
matrices. Consequently, the identification problem stated in Definition [3.] can be
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equivalently redefined as: SBN is said to be identifiable if each column of
matrices L and H can be determined from certain switching signal and observed
output data {c(0),0(1),---} and {y(0),y(1),---}.

Consider a coordinate transformation 2/(t) = Ma(t) with M € Lanyon; applying
this transformation to system , we obtain:

{ o (t+1) = L'o(t)a'(t), (3.4)

y(t) = H'o(t)z'(t),

where L' and H' are defined as M L(I,@ M) and H(I,® M7T) respectively. Clearly,
the tuple (L, H) of system and (L', H') of system are not distinguishable
by any switching-output data. Thus, identification leads to identifying an equiv-
alence class of (L, H), rather than a specific (L, H). Keeping this in mind, an
identifiable SBN is also said to be uniquely identifiable.

System (and equivalently system ([3.3])) consists of u subnetworks, each with
its unique output logical function, which differs it from traditional SBNs, where
output functions are typically identical, as seen in [8] [66]. For traditional SBNs,
identification can be addressed by methods in [51], 54], considering switching signals
as inputs. However, these methods do not apply to system ; the aim of our
research is to provide such a method.

Assumption 3.2. ([54]) The available switching signal and observed data are suf-

ficient to describe all possible switching-output pairs in the system.

Remark 3.3. The assumption is reasonable since it occurs in the real world. For
example, when we study the Drosophila segment polarity network, the samples we
need to collect are abundant, which means that we maybe select a lot of data from

different drosophila.

In this chapter, we consider two possible scenarios. In the first, the single-sample
scenario, data are obtained from a fixed initial state. The second scenario, called
the multiple-sample scenario, corresponds to the case where samples are derived
from diverse initial states. Based on these two scenarios, we pose the following two

identification problems.

Problem 1: Given q groups of switching-output data {(c%(0),4"(0)), (¢*(1), y*(1)),
(0 (r),y'(r)}, where i € {1,2,--- ,q} and r € Z, all sampled from the
same initial state, find the matrices L and H of SBN .
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Problem 2: Given mq groups of switching-output data {(c7(0),4*(0)), (c7*(1),
yj7i(1))7 ) (O-j7i(r)7yj7i(r))}7 where ] € {17 2a U 7m}; (S {17 27 ) C.I} and
r € Zy, all sampled from m distinct initial states, find the matrices L and H

of SBN .

To facilitate a clearer understanding of these two scenarios, we provide more
detailed explanations. When studying the Drosophila segment polarity network,
data from numerous samples are collected. Research indicates that segment polar-
ity genes enhance and maintain their expression through intricate intracellular and
intercellular regulatory interactions [I28]. The segment formation during Drosophila
embryonic development involves extensive gene expression and regulation. Problem
1 involves data collection from ¢ drosophila specimens in the same testing environ-
ment, where their initial states are identical, i.e., z'(0) = 22(0) = --- = 29(0). In
contrast, Problem 2 involves data collection from ¢ drosophila specimens across m
different testing environments. Here, these mq data groups originate from m distinct
initial states, such that for each j € {1,2,--- ,m}, 2'(0) = 292(0) = - - - = 279(0).
It is important to note that the length of the collected data may vary, which could
lead to different values for r in each switching-output sequence.

3.2 Reachability and Observability of SBNs

Reference [51] demonstrated that a BCN is identifiable from input-output data
with suitable controls if and only if it is both controllable and observable. Addition-
ally, [54] proved that a BN is identifiable under a multiple-sample case if and only if
it is observable, among other conditions. Motivated by these findings, this section
will discuss reachability and observability of SBNs.

First, we provide the definition of reachability of SBN .

Definition 3.4. Consider SBN (3.3) and let z(0) := zg € Agn.

1) (Point switching reachability) A state x € Agn is said to be point switching
reachable from z, if there exists a time instant s € N and a switching sig-
nal sequence {o(0),0(1),---,0(s — 1)}, such that under the switching signal
sequence, the trajectory of SBN starting from zy reaches x at time s;

2) (Switching reachability) SBN ({3.3)) is said to be switching reachable from x, if
for any state © € Agn, there exists a time instant s € N and a switching signal
sequence {0(0),0(1), --- ,0(s—1)}, such that when SBN ({3.3)) is initialized in

xo and the switching sequence is applied, z(s) = x.
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3) (Global switching reachability) SBN ({3.3) is said to be globally switching reach-
able, if for any initial state xy € Agn, SBN ([3.3)) is switching reachable from
Zg-

Note that the point switching reachability in Definition is adapted from [9],
the last two definitions are the generalizations of the first one. Next we give the
conditions to detect the reachability of SBNs (3.3). We introduce the following
lemma.

Lemma 3.5. ([9/) Consider SBN and let A :=Y!" | L;. State v = &8, is point
switching reachable from xy = 0., if and only if

(B2, AD), 0 > 0.

From the above lemma, if any state 85, € Ay is point switching reachable from
xo = 5., then (E?ilA(j))bﬂ > 0 holds forany b € {1,2,---,2"}, i.e., Cola(Z?llA(j)) >
0,».. Moreover, if any state 5Sn € Agn can be reached from any xy = 05, € Agn, then
(32, AD),, > 0 holds for any a,b € {1,2,---,2"}, i.e., B2, AU > 0gnypn. These
considerations lead to the conditions for the reachability of SBN as reported
in the following corollary.

Corollary 3.6. Consider SBN and let A := X" | L;. Then

1) SBN is switching reachable from xg = 65, € Aon, if and only if

Col, (52, AD)) > 0ge;

2) SBN is globally switching reachable, if and only if

S22 AU > 0gnygn.

The observability of general SBNs (i.e., where both state and output are influ-
enced by switching signals) with control inputs was proposed in [12]; leveraging on
that, we define the observability of SBNs as follows:

Definition 3.7. SBN (3.3) is said to be observable if there exists a switching sig-
nal sequence {0(0),0(1),---,0(l)}, where | € Z,, such that for any two differ-

ent initial states zy and Ty € Agn, the corresponding output trajectories satisfy

{w(0),y(1), - w(D)} #{w(0),5(1), - w(D)}.
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If for two different states xg, To € Agn, the output y(I) = y(l) for any | €
N when any switching sequence is applied, the pair of states (xg, Zo) are called
indistinguishable; otherwise, they are distinguishable. We here remark that in [12],
the observability is investigated using the deterministic finite automaton method.
In what follows we propose a matrix-based method, independent of deterministic
finite automaton knowledge, to check the observability of SBN .

Based on Definition , if two different initial states xg = 0%, and Ty = 85, yield
identical outputs in the i-th subnetwork, i.e., y(0) = H;0%. = H;05. = 5(0), this

implies
1 = (Hltsgn)TH,(SSn = (Hlégn)THl(Sgn = (6gn)THzTHZ(Sgn == (HZ-THZ')GJ,.

Since H; is a logical matrix, each element of H'H; is either 1 or 0. (H;"H;)ayp
= 1 implies that 05, and &3, are indistinguishable in the i-th subnetwork at ¢ =
0. Conversely, if (HH;)ap = 0, ie., (H;0% )" H;05, = 0, then 6%, and 5, are
distinguishable in the i-th subnetwork. Clearly, (H} H;),, = 1 always holds, as
state 09, is indistinguishable from itself. Consequently, H'H; = I,» implies that at
t = 0, any pair of different initial states are distinguishable in the ¢-th subnetwork.

Construct two sets of matrices Q° and G° as

Q"=¢"={Q) =G =HH; | ie{1,2,--- ,u}}. (3.5)

Evidently, Ir» € Q° (G°) indicates that there exists at least an integer j € {1,2,--- , u}
such that Irn = QY (GY). This implies that there exists at least a switching signal
c(0) = §i such that any pair of different initial states are distinguishable.

Further, we consider

Ho(1)x(1) = Ho(1)Lo(0)x(0).

<

—~
—_

~—
Il

Given two different initial states 03, and 83,, the switching signals o(0) = 07,
ip € {1,2,--- ,u} and o(1) = (5}}, iy € {1,2,--- ,u}, and the corresponding outputs
y(1) and gy(1). If it holds y(1) = y(1), then

11

((HilLio)THilLio)mb = (L;I;HEHilLio)a,b = (L;I;(HEHh)Lio)a,b = (L;I; 0 Li0>a,b =L

When considering all possible switching signals ¢(0) and o(1), we construct two
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novel sets of matrices Q' and G! defined as follows:

Ql = {Q%k:—l)u-i-i = LEQ?Lk ’ Q? € QO’ (&S {1?2v T ,u},

ke{l,2,--,u}} (3.6)

and
1._ 1. 1 0 1 1 0 0
G ={G; = Qi NG |Q; €2, Gl €9,

]6{]—727 7/'62}}'

Note that j € {1,2,--- , u*} since the maximum value of (k—1)u+1 equals > when

(3.7)

k=pand i = pu.

From the j-th matrix Qj, 1), in set Q', where j := (jo — 1)p + j1, e can de-
termine whether under the switching sequence {o/(0), (1)} = {670, 07 } := 0, {jo, J1 }

the outputs at time ¢ = 1 starting from any distinct initial state are the same. Thus,
the set Q! is constructed to check whether for any pair of distinct initial state, the
corresponding outputs of SBN at time t = 1 are the same under any switch-
ing sequence {0(0),0(1)}. While G', combined with elements in G° encompasses
all possible information to detect whether SBN is observable within one step.
Note that when constructing matrix G}, the elements from G° and Q° cannot be
arbitrarily combined. Instead, the element in Q° under a specific switching sequence
{c(0),0(1)} should be combined only with the element in G° associated with the
switching signal ¢(0), which guarantees that the constructed set G! accurately cap-
tures the system’s observability properties with in one step. Specifically, Ir» € G!
implies the existence of an integer j = (jo — 1) + j1 € {1,2,--- , u?} such that

In =G = Q) NGY = (L} QY Lj,) NG = (L} H} Hj, L) A (Hj Hj, ).

This ensures that a specific switching sequence {o(0), (1)} = 0,{jo, j1} exists such
that for any two distinct initial states 6%, # 85, distinct outputs are generated,
fulfilling

{y(())?y(l)} = {Hjoégm Hlejodg”} 7é {Hjoégm HleJO(Sb”} = {ﬂ(()), ’!j(l)}

Iterating this process, we can generate the matrix sets Q' and G' for [ > 1, defined
as:
Ql = {Ql(k—l)ul+i = LEQéilLk | Qi’il < Qlilu (S {17 27 e 7:U’l}7

ke f{1,2,--,u}} 39
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and
. 1 l -1 l l -1 -1
G =G = QNG 1 Q€ QG €9

j€{1727”' 7Ml+1}}‘

If there exists G; € G satisfying Ion = Gé» € G', then there exists a switching
sequence {0(0),0(1),---,0(l)} such that any pair of distinct initial states (6%.,65.)
are distinguishable. For any G, € G' and for any j € {1,2,---, """}, we can identify

(3.9)

unique integers jo, j1, -, € {1,2,---, u} such that (5il+1 can be written as
0y = G000 - 6. (3.10)
Denote 67, := 631872 -+ 67 and 6, := 67067 - - §i=1. Then, &7, = 60067, = 67,67

This implies
Gi= QNG = (L,Q5  Ly,) NG

Hence, if G} = Iy, there exists a switching sequence {c(0),0(1),---,0(l)} =
6,470, 1, -+ , i} such that every pair of initial states (63.,85,) with 83, # 45, are
distinguishable, this implies that

{v(0),y(1),- -, y(h)} #{5(0),4(1),--- 54},

where y(0) = Hjy08., §(0) = H;o05., and y(r) = Hj, Lj,, -~ L;y08., §(r) = H;,
e Ljg 05, r € {1,2,-- 1}

Finally, if the outputs of all states in each subnetwork are the same, SBN
will never be observable. Thus, to make the observability problem meaningful we

L

jr—l

make the following assumption.

Assumption 3.8. Given SBN , (HYH;) # 1guyon for at least one i €
{1727"' 7:“’}

In what follows, we assume that SBN (3.3)) verifies Assumption . Based on
the above analysis, we derive a direct criterion for the observability of SBNs.

Theorem 3.9. SBN is observable if and only if there exists an integer 0 <
* < Z, such that
Ln €G".

Remark 3.10. Since in an SBN, the number of the states and switching signals
are given, [ is finite. Its value depends on the structure of subnetworks. The worst
case is given by all state are collected in all subnetworks and given by the switching

signals. Thus, the worst case for | is | = (221 — 2n=1) .
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Moreover, we provide the following algorithm to determine the observability of

SBN (33).

Algorithm 1 Determining whether SBN (3.3 is observable

Require: Matrices L and H, and the integer [
Ensure: SBN (3.3) is (not) observable
1: Initialization: Set [ < 1, [* < 0.

2: Construct two sets of matrices QY and G° according to .
3: if Ion € go then

4: return: SBN is observable, I* = 0.

5: else

6: whilel<1[do

7: Construct two sets of matrices Q' and G according to and .
8: if Ion € G' then

9: * 1

10: return: SBN is observable, I* = .

11: else

12: l+1+1

13: end if

14: end while

15:  if [ > then

16: return: SBN is not observable.

17:  end if

18: end if

Remark 3.11. The method presented in Algorithm[1] only relies on structure matri-
ces of the system and can be easily implemented in MATLAB. Thus, compared
with the approach in [1Z], which requires knowledge of the deterministic finite au-
tomaton, the method proposed here is more straightforward. Compared to the set
reachability method under parallel systems in [66], we compute matrices with lower
dimensions, that is, 2" x 2" rather than 2*" x 2",

Note that for any matrix in G that is equal to Io», we are able to reconstruct
the switching sequence such that SBN is observable. This can be done directly
by applying equation (3.10). We denote such sequence as {¢*(0),0*(1), -+, 0*(I*)}
and refer to it as the O-switching sequence.

Definition 3.12. Given an SBN (3.3)), if there exists integers I* € N and j €
{1,2,---, 4"}, such that GY = Ion holds, then the switching signal sequence {o*(0),

o* (1), 0" (1)} = 0u{do, ju, -+ s die }s where i = [5/p" = ([ p" =+ = Dp
with i € {0,1,--- ,1*}, is an O-switching sequence.
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Example 3.13. Given an SBN with 2 subnetworks, 3 state nodes and 1 output as

x(t+1) = Lx(t),
{ o(t) = Hia), 34y

where i = 1,2, Ly = 05[2,1,5,3,8,7,6,4], Ly = 65[1,8,5,4,3,4,7,8], Hy = 6[1,2,2,
1,2,2,1,1] and Hy = 6[1,2,1,1,1,2,2,1].

We first calculate

10010011 10111001
01101100 010001710
01101100 10111001

B = (1001001 ey (L0100
01101100 10111001
01101100 010001710
10010011 010001710
100100 1 1 10111001

According to (3.5)), we have
Q" =G .= {HIH, HI H,}.

It is easy to show Igyxg ¢ Q° (G°). We then calculate Q' and G' according to
and until [ = 3. In set G®, we can find G5 = G2 = G3 = G} = G| = Igys,
which implies that the system (3.11]) is observable.

If considered separately, both subnetwork 1 and subnetwork 2 are not observ-
able according to [64]. From Figure we can intuitively see that states 67 and
6% are indistinguishable in both the first and second subnetwork. However, when
two subnetworks are connected by switching signals, the generated SBN is
observable.

Additionally, 5 O-switching sequences can be straightly obtained. Based on
(3.10), we get that §fs = 63020262. Therefore, SBN is observable under the
O-switching sequence {c*(0),0*(1),0%(2),0%(3)} = 02{1,1,2,2}. The other 4 O-
switching sequences can be obtained similarly and are omitted here.

Based on the reachability and observability of SBNs, we examine the conditions
necessary for identifying SBNs and address Problems 1 and 2 in the next two sec-
tions. Although the switching signal can be viewed as a control input, it is crucial
to note that the SBN considered in this chapter comprises multiple distinct BN,
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1 2 2 2 1 2 2 1
<~ g
2 1 1 1 1 1 1 2
Subnetwork 1 Subnetwork 2

Figure 3.1: The state transition diagram of system ({3.11]), where blue balls stand for states
and yellow dashed arrows point to the outputs of the states.

differing from the BCN discussed in [54]. The complexity of identifying SBNs ([3.3))
is heightened by the variability in outputs across each subnetwork, as the switching
signals influence not only the states but also the outputs.

3.3 Identification of SBNs under a Single-sample Scenario

The property of global switching reachability given in Definition [3.1] allows the
identification of the ‘evolutionary process’ of all states. It indicates that there
exists a switching signal sequence {c(0),0(1),---,0(s)} such that the switching-
state pair (o(t), z(t)) for t € {0,1,2,--- , s} covers all possible pairs (57, 5.), where
i€ {0,1,---,u}, and j € {0,1,---,2"}. The observability property ensures the
identification of 2" distinct initial states (i.e. the entire state space) from 2" differ-
ent output sequences. Then, leveraging these two properties, we address Problem 1
of SBN (B.3).

For an observable and globally reachable SBN (B.3)), let {c*(0),0*(1),--- , o*(I*)}
represent an O-switching sequence, and let {¢(0),0(1),--- ,0(s)} with s > u-2" be
termed an R-switching sequence satisfying

{(o(t),z(t)) |t €{0,1, - ,s}} = Ao, (3.12)

From the above switching sequences, we construct the following series of switching
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sequences as the given switching signal data:

{
SYI*+1) == {o(0
{ ’0'(1>’0‘*(0)’0'*(1)’--- 70*(l*)}7 (313)

S+ s+ 1) := {0(0),0(1),- -+ ,0(s),0%(0),0%(1),- -+, 0*(1*)}.

Furthermore, given the initial state 2°(0) = z'(0) = --- = 2**1(0), by applying the
switching sequences (3.13)), we obtain the corresponding observed data:

POI) == {4°(0),4°(1),4°(2),- - .4 (")},
P+ 1) == {y'(0),4' (1), 4" (2),- - .y (" + D},
P2(I" +2) == {y*(0),5*(1), 4*(2), - (" + 2)}, (3.14)

P +s+1) = {y(0), 5 1),y (2), Ly (T s + 1)

Clearly, P'(I* +1) is the output sequence of SBN ({3.3) starting from z*(0) under
the switching sequence S*(I* + i), where i € {1,2,--- ,s + 1}. In the following, we
propose a condition for the identification of SBN (3.3)).

Theorem 3.14. SBN is uniquely identifiable under a single-sample scenario
if it is observable and globally switching reachable.

Proof: Assuming that SBN is both observable and globally switching reach-
able, we can derive its R-switching sequence {c(0),0(1), - ,0(s)} satisfying equa-
tion as well as an O-switching sequence {c*(0),0*(1),-- -, o*({*)}. This allows
us to derive equation and obtain equation . Considering the output data
, we denote by P’ the output sequence consisting of the last {* + 1 elements
of P{(I* + 1), where i € {0,1,--- , s+ 1}.

Due to the observability property, there must be 2" distinct output sequences in
all data P’ with i € {0,1,--+ ,s+1}. They can be denoted as Y!, Y2 ... V2" and
can be determined according to the order in which a new output sequence appears
while scanning all P’ with i € {0,1,--+ ;s + 1}. Clearly, Y! = 7. Treating Y7
as the output sequences of state 63, and letting z(i) = 5§n when P' = Y7, we can
obtain the final state trajectory (0),Z(1),---,Z(s + 1). Concurrently, we rewrite
the element y**1(7) in each data P"1(I* + 4 + 1) by §(i), where i € {0,1,--- ,s}.
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With the R-switching sequence {o(0),0(1),---,0(s)}, the ‘evolutionary order’ of
these 2" states and corresponding outputs in each subnetwork can be determined.
According to

(i) = Ho (i) (i),
where i € {0,1,--- s}, we can infer the structure matrices L and H. Therefore,

SBN (i3.3) is identifiable.
We turn the analysis of Theorem into an algorithmic procedure with steps
given in Algorithm [2]

{ #(i + 1) = Lo (i) (4), (3.15)

Algorithm 2 Identify an observable and globally switching reachable SBN under a
single-sample scenario
Require: s+ 2 groups of switching signal data
Ensure: Matrices L and H
1: Generate s+ 2 groups of output data and denote the output sequence consisting
of the last I* + 1 elements of P*(i 4 I*) by P', where i € {0,1,--- ,s+1}.
2: Initialization: Set j < 1, Y < (), (0) + 3., §(0) + y*(0).
3: fort=0tos+1do

4. if P'¢ Y then .
5: YI =P, Y=YU{Y?}, #(i) = 6}, and j < j + 1
6: else

7 fork=1toj—1do

8: if P' =Y"* then

9: #(i) = 6k,

10: end if

11: end for

12:  end if

13 g(i) =y ()

14: end for

15: Construct L and H according to equations (3.15)).

Figure illustrates the identification process of an observable and globally
switching reachable SBN under a single-sample scenario. There are many groups of
switching-output data, and we only list the first 3 groups of data, stemming from a
given initial state. Clearly, 2°(0) = 2*(0) = 2%(0). The first step is to identify some
initial states of the system, denoted by Z(0), Z(1), and #(2), by scanning output
sequences P, P and P°, shown in the dashed-line rectangle box. According to
the property of observability, one-to-one correspondence, P’ can be interpreted as
the output sequence of state di. and then we identify Z(0) = di.. In the second
group of data, if P! + ?0, we identify P' as the output sequence of state 6., and
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#(1) = 62, can be correspondingly identified. Otherwise, #(1) = 43,. Similarly, we
can identify Z(2) according to P?. Therefore, we obtain the corresponding state
sequence {Z(0),Z(1),Z(2)} under the switching sequence {c(0),o(1)}.

The second step is to identify the corresponding outputs. Since switching signals
affect both input and output consistently, we need to focus on the output data
generated under {0 (0),0(1)}. Thus, the relevant output sequence {7(0),%(1)} can
be identified as {y'(0),4*(1)} via the relation in the solid-line rectangle box. The
process continues until all data are collected, allowing us to identify complete the
state and output sequences and further identify all columns of L and H since the
system is globally switching reachable.

5*(2)

. N . N ——

(<]
-

Figure 3.2: The partial identification process of SBN (3.3), where blue balls, green balls
and yellow rectangles stand for states, outputs data and switching signal data, respectively.

Remark 3.15. Algorithm 3.2 in [54)] presented a method for identifying BCNs.
Howewver, if we regard the switching signals as controls and apply the same method
to identify SBN , we can only determine L. Attempting to identify H using
this method will yield incorrect results. This discrepancy arises because selecting
the first element of Y' as the output of state 6%, allows us to identify only Hy«o)

under the switching signal o*(0). However, our algorithm finds the exact correspon-
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dence between states and outputs by taking time into account and then enables the
identification of the entire matriz H.

Furthermore, in the single-sample scenario, we can formulate a necessary and
sufficient condition for identifying SBN . To this end, SBN must satisfy
Stronger switching reachability, that is, there exists a time instant s € N and a
switching signal sequence {¢(0),0(1),---,0(s—1)}, such that z(0) = x, and for all
x € Agn, there exists an i € {0,1,--- , s} such that z(i) = x.

Corollary 3.16. Starting from a fized initial state xq, SBN s uniquely iden-
tifiable under a single-sample scenario if and only if it is observable and stronger

switching reachable from xq.

Proof: (Sufficiency) System is stronger switching reachable from x, indicates
that there exists a switching sequence satisfying with zy. Similar to the proof
of Theorem , combined with the observability property, we infer that SBN
is identifiable.

(Necessity) It is proved by contradiction. Suppose the system is not observable.
In that case, there exist at least two initial states xo # Ty, such that their output
sequences are identical under arbitrary switching sequence. This implies that we
can only identify less than 2" distinct output sequences from all sequences Pi, 1€
{0,1,--+,s + 1}, indicating that a one-to-one correspondence between Y7 and &
cannot be obtained. Similarly, if the system is not strongly switching reachable
from x(, we cannot find any switching sequence satisfying with 2(0) = zo, and
consequently, we cannot fully determine the ‘evolutionary rule’ of the obtained state

trajectory {Z(0),Z(1),---,Z(s)} under all subnetworks. Both scenarios contradict
the fact that the system is identifiable. Therefore, SBN ([3.3]) is observable and
stronger switching reachable from x. 0

3.4 Identification of SBNs under a Multiple-sample Sce-

nario

This section focuses on the case generated from different initial states, a com-
mon situation encountered, for example, in several biological and engineering set-
tings, such as the case of drosophila described in Section As detailed in
the preceding subsection, it is assumed that all potential switching-output data
corresponding to all possible initial states can be acquired. Thus, the switch-

ing signal sequences and their corresponding state trajectories can span the entire
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switching-state pair space. Specifically, for Problem 2, the switching signal sequences
{O-j7i(0)7 iji(1)> e ao-jﬂ'(r)}: where ] € {L 27 e 7m}7 (S {L 27 e ,Q} and r € Z+,
and their state trajectories {x%¢(0), 2% (1), -+ ,27(r)} satisfy

Ayon = U U{ (07(0), 27(0))}

Jj=1l:i=1
Combined with observablhty, the following theorem is formulated to ascertain
whether SBN (3.3)) is identifiable under a multiple-sample scenario.

(3.16)
{(o? (1), 27" (t)) | t € {0,1,--- ,r}}.

Mi CQ

Theorem 3.17. SBN s uniquely identifiable under a multiple-sample scenario
if and only if it is observable.

Proof: (Sufficiency) If SBN (33.3) is observable, then there must exist an O-
switching sequence {c*(0),0*(1),---, o*(I*)}. Furthermore, due to the hypothesis
of enough data, we can construct switching signal sequences as follows:

SPL(1*) == {o?(0), 07 (1), - -+, 0 (1%)}

1)7"' 70*(l*)}7 (317)

SPHFLIF 4 1) = {oHTH(0), o H (1), - PPN 4 1))
= {557 O'*(O), U*(l)v T 70*(l*>}

Assume that the initial states 27'(0) = 272(0) = 2/#*(0) = 6}, where j €
{1,2,---,2"}. Further, the corresponding output sequences are given by:

PAEY) = (7 0,57 (1), (),
PI2( 1) = {#2(0),572(1), -+ 20 + 1))
(3.18)
pritt (l* + 1) = {yj7u+1(0>7 ymﬁ_l(l)’ Y ’ijlﬁ‘l (l* + 1)}

Let P denote the output sequence consisting in the last [* + 1 elements of the
above output sequences P (), where j € {1,2,---,2"}, i € {1,2,--- ,u+1}, 1 =1*
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when ¢ = 1 and otherwise, [ = [* + 1.

Since the system is observable, 2" different output sequences Y! Y2 ... Y?"
must exist in all data P According to the one-to-one correspondence between the
output sequences and states, we consider Y7 as the output sequence generated from
initial state (5%;, where j' = 1,2,---,2" Subsequently, by retrieving and matching
all observed data P with Y7, we define

#1(0) = 6, if PP =YY,

FR(1) =6, it PP =Y (3.19)

§7*(0) = y*(0),
where j = 1,2,--- 2" and k = 2,3,--- ,u+ 1. For Fj’i, when ¢ = 1, Pl =y7
can determine all states of the system; when i = k, P"" = Y7 can determine the
states at ¢ = 1 starting each state. This allows us to determine the evolutionary
relationship between states 5j;, j e{1,2,---,2"} and their corresponding output
sequences according to 072(0), ¢73(0), and ¢7#*1(0), that is,

{ ER(1) = Lo?*(0)i(0), (3.20)

§7*(0) = Ho?*(0)21(0),

which identifies the structure matrices L and H, respectively.

(Necessity) Suppose that the system is not observable. In that case, there exist
at least two initial states xy # xo, such that their output sequences are the same
under arbitrary switching sequence. This implies that we only can find less than 2"
different output sequences from all sequences Fj’i, then one-to-one correspondence
between Y7 and 5%; cannot be obtained. Consequently, at least p columns cannot
be identified, resulting in different outcomes for some columns. This contradicts the
fact that the system is identifiable. Therefore, SBN is observable. U

Based on the proof of Theorem [3.17] an algorithm for determining L and H
under the multiple-sample scenario can be constructed. The resulting procedure is
summarized in Algorithm [3]

By analyzing the identification problem from both partial and overall perspec-
tives, we obtain the following property.

Theorem 3.18. SBN may still be uniquely identifiable under a multiple-
sample scenario even if some subnetworks of SBN are unidentifiable.

The rationality of this result is elucidated through logical reasoning and sys-
tem analysis. Each subnetwork in the SBN (3.3) has its own state transition and
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Algorithm 3 Identify an observable SBN (3.3)) under a multiple-sample scenario

Require: ;1 + 1 groups of switching signal data
Ensure: Matrices L and H N
1: Generate u + 1 groups of output data and denote P as the output sequence
consisting of the last [* + 1 elements of sequence P7%(l), where j € {1,2,---,2"},
ie{l,2,---,u+1};l=0"ifi =1, and [ = I* + 1 otherwise.

2: Initialization: Set j' < 1, ) « (.

3: for j =1to 2" do

4 fori=1top+1do

5: if P”' ¢ ) then

6: Y/ =P, Yy=YU{yi} and j/ « j' +1
7 end if

8: end for

9: end for

=
=

Construct L and H according to equations (3.19)) and (3.20).

output functions, and can be viewed as a BN. According to Theorem 3.4 in [54],
a BN is identifiable if and only if it is observable. Therefore, if a subnetwork is
unidentifiable, there will be at least two states within this subnetwork that cannot
be distinguished based solely on output data. Switching signals allow the system
to transition between different subnetworks. When the system switches from one
subnetwork to another, the output mapping changes. This change can allow states
that are indistinguishable in one subnetwork to become distinguishable in another.
Essentially, switching signals provide additional information that can be used for
system identification. It leads to a situation where the entire SBN is identifiable,

even if some individual subnetworks are not.

3.5 Examples

Example 3.19. (A single-sample scenario) After several modification on Example
3.3 in [12], we obtain a new model, which is a globally switching reachable and
observable SBN with 3 subnetworks, 2 state nodes,1 output node, and

{ LI:54[3747472’1737172’1’27171]7 (3 21)

H =65[1,1,2,2,1,1,2,1,1,1,1,2].

We assume that the initial state is d}, and its O-switching sequence and R-
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switching sequence are

{07(0),07(1)} = d3{1, 3},
{0(0), - ,0(14)} = 6:{2,1,2,1,1,2,2,3,3,1,1,1,3,1,3}.

According to these two sequences and construction rule (3.13[), we can obtain 16
groups of switching signal sequences, which are as follows:

50(1) = 53{1’3}7
51(2) = 53{2’ 17 3}7
32(3) = 63{2’ 17 17 3}7

S¥(16) = 03{2,1,2,1,1,2,2,3,3,1,1,1,3,1,3,1,3}.
The corresponding observed data is as follows:
PO(1) = 6,{1,1},
PY(2) = 0,{1,1,1},
P%(3) = 02{1,1,2,2}, (3.22)

PY%(16) = 0,{1,1,2,1,2,1,1,1,1,2,2,1,1,2,1,1}.

Based on the first step of Algorithm [2| denote the output sequence consisting of
the last 2 elements of P'(i + 1) by P', where i € {0,1,--- ,15}. Then 4 distinct
output sequences from can be found, that is, Y = P’ = 5{1,1}, Y? =
P? = 5,{2,2}, Y3 =P = 6,{2,1}, Y4 =D’ =6,{1,2}. Regard Y as the output
of state 8%,. And from Steps 4 — 12 of Algorithm , since

?:Yd, ?:Yl, sz2"”7?13zy47 ?14:}/37 P :Yl,
we can obtain the state sequence

{2(0),---,2(15)} = 04{1,1,2,1,2,3,4,2,1,1,2,3,4,4,3,1}.

According to Step 13 of Algorithm [2 we know the output strategy of the state
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sequence, which is
{9(0),9(1),---,9(15)} = 52{1,1,2,1,2,1,1,1,1,1,2,2,1,1,2}.

Finally, based on the final step of Algorithm [2| the matrices L and H can be
identified
L =04[2,3,4,3,1,1,4,2,1,1,1,4],
{ H=65[1,2,2,1,1,2,1,1,1,1,2,1].

Clearly, the identifiable matrices H and L are equivalent to those of the origi-
nal system (i.e. L' and H’), and the coordinate transformation is Z(t) =
04[1,3,4,2]2'(t), where Z(t) and 2/(t) are states of the identified system and the
original system, respectively.

Example 3.20. (A multiple-sample scenario) Give an observable SBN with 2 sub-
networks, 3 state nodes, 1 output node, and

L// - 58[47 27 47 37 67 67 87 7’ 27 37 17 17 77 87 87 5]7 (3 23)
H' =6,1,2,2,1,2,1,1,2,1,2,1,2,2,1,2,1]. '
Assume that the O-switching sequence of system (3.23)) is
{07(0),0"(1), - ,0%(4)} = 6{1,2,1,2,1}. (3.24)

Then, we construct the switching sequences according to and switching signal
0% as
SPH(4) = 6,{1,2,1,2,1},
STHL(5) = 62{k,1,2,1,2,1},
where j € {1,2,---,8} and k = {1,2}. Let the initial state 27(0) = 29%(0) =
273(0) = 6%, and consider state 3 first. We can obtain the following output sequence
groups with respect to state dg:

PY(4) ={1,2,1,2,1},

PY2(5) ={1,1,1,1,2,1},
PY(5) ={1,2,2,2,2,1}.
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Similarly, we can get the output sequences with respect to the remaining states as

P*H(4) ={2,2,2,2,1},
P*(5) =1{2,2,2,2,2,1},
P%3(5) =1{2,2,2,1,2,1},

PH(4) = {2,2,2,2,2},
P (5) = {2,1,1,2,1,2},
P%3(5) ={1,2,1,2,2,2}.

Let P be the output sequence consisting of the last 5 elements of sequence

P7(l), and we have 8 distinct output sequences

yi=P" ={1,2,1,2,1}, Y2=P"*={1,1,1,2,1},
V3=P" =1{2,2,2,2,1}, Y*=P"=1{2,2,1,2,1},
VP =P ={2,1,2,2,2}, Y5 =P""=1{1,1,2,2,2},
YT =P ={1,1,2,1,2}, Y8 =DP"=1{2,2,22 2.
Denote that Y7 is the output sequence group of state 5§n under switching sequences

(3.24). Naturally, we can find the evolutionary trajectory of each state under switch-
ing signal 83 and 62, respectively,

05 = Lys,
05 = L6,05,
05 = L6,
05 = L6;05,

5Y — Halsl,
52 — Hals?,
52 — HeLS,
8t = H516T,

0 = L30g,
05 = L6505,
05 = L6503,
05 = L6305,

At the same time, we know that

5Y = H2GL,
52 — H&2S,
52 — H&2,
52 — H&26T,

05 = L6,05,
05 = L6, 03,
05 = L5,
05 = L6,05,

52 = HoLe2,
5L = Ho!,
51 = H5L80,
5L = HoLe®,

dg = L35,
dg = L5305,
dg = L5305,
51 = L826%.

62 = HO262,
63 = HO26%,
63 = HO268,
5y = HE365.

Thus, based on the final step of Algorithm (3] the matrices L and H can be
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identified
L =0s[2,4,3,2,6,6,8,7,3,1,4,1,7,8,8,5],
H=65[1,1,2,221121,221,21,2,1].

Furthermore, the coordinate transformation is Z(t) = ds[1,3,4,2 ,5,6,7,8]z" ().

However, based on Theorem , it is concluded that SBN is not uniquely
identifiable under a single-sample scenario due to the lack of global switching reach-
ability. This indicates that the identification of an SBN under the multiple-sample
scenario cannot imply its identification under the single-sample scenario. Addition-
ally, the conditions required for identifying an SBN under the single-sample scenario
are more stringent than those under the multiple-sample scenario.

Moreover, under a multiple-sample scenario, if considered separately, using The-
orem 3.4 proposed in [54], we can know that the first subnetwork is not uniquely
identifiable, whereas the second subnetwork is uniquely identifiable. Despite the
presence of an unidentifiable subnetwork, the entire SBN remains uniquely
identifiable under the multiple-sample scenario.

Example 3.21. (A practical application) Consider the simple SBN model of an
apoptosis network [9]:

Xi(t+1) = fFOX0 (1), Xa(t), Xs(1)),
Xo(t+1) = (X1 (1), Xa(t), X5(1)), (3.25)
Xs(t+1) = fgz(t

V
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where X(t) : N — {1,2}, X, Xy and X3 represent inhibitor of apoptosis proteins,
active caspase 3, and active caspase 8 respectively, u represents tumor necrosis
factor, and fi = =Xs(t), f{ =0, f3 = fi = " Xa(t) A X3(2), f5 =1, f5 = Xao(t).

In this example, we are interested in the active caspase 3 and the state that
indicates whether the cell is likely to survive or undergo apoptosis when 3(t) = 1,
and in the inhibitor of apoptosis proteins and the state that indicates whether the
cell is likely to survive or undergo apoptosis when () = 2. Then, the output
equations of the subnetworks are

{ Ya(t) = BY (X (1), Xa(t), X5(t)), (3.26)

Ya(t) = hy" (X1 (1), Xa(t), X5(1)),

where hi = Xy (t), h? = X, (t), and h) = h3 = (X1(t) A X3(t)) V (= X1 (t) A Xa(2)).
According to the construction of (3.3)), we can obtain the following algebraic form
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of the system ([3.25)) with (3.26)

{ 2(t+1) = Lo(t)x(t),

y(t) = H'o(t)x(t), (3.27)

where o(t) € {1,2}, and

L' =6s]7,7,3,3,5,7,1,3,7,7,8,8,5,7,6,8],
H' =6,(1,2,3,4,1,1,4,4,1,2,1,2,3,3,4,4].

Assume that the O-switching sequence of system (3.27)) is

{%(0),0"(1),0%(2)} = 52{2,1,1}.

Similar to the identification procedure of Example [3.20] we can determine the

matrices L and H, which are

L=05[2,1,2,4,4,4,7,2,2,8,2,5,5,5,7,2],
H=0,01,4,2,3,4,4,1,1,1,4,2,1,4,2,3,3].

Correspondingly, the coordinate transformation is Z(t) = ds[1, 3,4, 6, 7,8, 2, 5]x(t).

3.6 Conclusion

This chapter investigated the identification problem of SBNs under both single
and multiple samples. Initially, a matrix-based method was proposed to determine
the observability of an SBN. This method offers advantages such as solely relying on
matrix calculations and involves lower-dimensional matrix computations compared
to augmented methods. Several theorems and corollaries regarding the identification
of SBNs were then introduced. Two constructive procedures were established to
infer the network structure, logical connections between nodes, state and output
transition rules for SBNs in both single and multiple sample cases. It is noted that
the output function of each subnetwork may vary with the transformation of the
switching signal, rendering the measure used for investigating BCNs inapplicable
to the system discussed in this chapter. Nevertheless, the proposed approach can
effectively address the identification problem of traditional SBNs when the output
function of each subnetwork remains uniform. Another notable finding is that even
if some subnetworks of the SBN are not individually identifiable, the SBN as a whole
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may still be identifiable under certain conditions due to the influence of switching
signal on both states and outputs.




Chapter 4

Recurrent Output Tracking of

Boolean Networks

4.1 Introduction

In the previous chapter, the identification problem for SBNs was systematically
studied, where the system dynamics were reconstructed from observed data. These
results lay the foundation for obtaining accurate mathematical models of logical
dynamical systems. With the system models available, it is natural to proceed to
the control stage. Therefore, the focus of this thesis shifts from system identification
to control design. In this chapter, we investigate the ROTP for BNs and BCNs .

As is well known, the OTP is a significant problem in control theory, aiming to
design control strategies such that the system outputs track a prescribed reference
signal. For BCNs, various algebraic methods have been developed to address exact
OT and output regulation problems [85], [86], 87, 88, O3]. However, in many practical
scenarios, it is not necessary for the outputs to continuously follow the reference
signal; instead, it suffices that the desired output values can be tracked intermittently
over time.

In this chapter, we thus propose ROT, where the system outputs are required
to track a desired reference signal intermittently and infinitely. Compared with the
traditional OT, ROT relaxes the temporal constraints while still ensuring long-term
performance. Leveraging the STP tool, we propose solvability criteria for ROTP
in both BNs and BCNs starting from an initial state, and construct algorithms to
identify all states that enable ROT of the reference signal in these systems. Addi-
tionally, a truth matrix-based method is used to design state feedback controllers,

ensuring ROTP solvability for BCNs initiating from such states. Furthermore, the

45
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recurrent periods of BNs and BCNs are discussed, demonstrating that the output
tracking problem is a specific instance of the ROTP.

4.2 Problem Formulation

Recall the algebraic forms of BNs and BCNs; i.e. and , in Chapter . It
is noted in this chapter that for the BN , the state and output at time ¢ starting
from the initial state zg € Agn are denoted by x(t; x¢) and y(t; zo) respectively; for
the BCN , the state and output at time ¢ starting from the initial state x
under a control sequence v = {u(0),u(1),--- ,u(t — 1)} are denoted as x(t;z,u)
and y(t; xg,u), respectively. Additionally, we consider that the output reference
signal is a constant value.

The definitions of ROT of the systems and starting from an initial
state x( are given as follows.

Definition 4.1. (Recurrent Output Tracking for BNs) For a given reference signal
y* € Agp, the output of system ([2.6)) recurrently tracks y* starting from an initial
state xg € Agn, if for any t € N there exists an integer T' > ¢ such that y(T'; z¢) = y*.

Definition 4.2. (Recurrent Output Tracking for BCNs) For a reference signal
y* € Agp, the output of system recurrently tracks y* starting from state zy €
Agn, if for any t € N, there exists an integer 7' > t and a control sequence u =
{u(0),u(1),- -+ ,u(T — 1)}, such that y(T;zg,u) = y*.

Remark 4.3. The above definitions characterize ROT under a given initial state,
which can be regarded as a local formulation focusing on a specific initial condition.
In the next chapter, this problem will be further extended to a global setting, where
ROT is required to be achieved from any initial state. This progression reflects a
systematic development from a simpler to a more general and stringent problem

formulation.

In the following, we first explore the conditions under which the ROTP of BNs
starting from an initial state is solvable, then we study the solvability and the
controller design of the ROTP for BCNs starting from an initial state. Finally, the
recurrent periods of these systems are discussed.
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4.3 Recurrent Output Tracking of BNs

To solve the ROTP of the BN (2.6 starting from an initial state xg € Aon,
we first verify whether there exists at least one state whose output is y* and that

belongs to a cycle. The definition of a cycle of a BN is defined as follows:

Definition 4.4. ([32]) Given system (2.6)), the set {xq, Lzo, - -- , L4 Yag} is called
a cycle of length d, with d € {1,2,---,2"} if Lz, = x( and the states in set
{xg, Lag, -+~ , L9V} are pairwise different.

Cycles of length d = 1 are called fixed points. Evidently, a state that reaches
itself at d steps will reach itself again at ad steps, where a € Z,. Thus, all fixed
points and the states in the cycles of the system can reach themselves infinitely. By
iteratively computing starting from ¢ until ¢ + d one obtains

t(t+d) =Lx(t+d—1)=LLz(t+d—2)=--- = LDx(t). (4.1)
We define the set

Based on equation(|4.1]), the condition (L(?);; = 1 in equation(4.2)) implies (83,) " LD, =
1, that is 03, = L@4%,. Hence for an initial state 2o = 0%, 7(d; 1) = d%.. Condition
(L(W))M # 1, V w < d, indicates that the state d%, can not reach itself in a number of
steps less than d. Thus, the set W, contains all states in cycles of length d. Further,
Ny = ‘\I'Tf' is the number of cycles of length d. Notably, if there is no cycle of length
d, then W, = (). Otherwise, |¥,| must be a multiple of d. Thus, the value of Ny is a
positive integer or 0.

Algorithm M provides a procedure to calculate all cycles of length d for system
. We remark that fixed points and cycles are all called attractors.

Remark 4.5. The overall complexity of Algorithm 4] is O(d x Ng) since Step 2
needs 1 operation, the calculation of each cycle with length d C{ (Step 5) needs d — 1
operations and there are Ny cycles with length d, and the calculation of union (Step
6) needs Ng— 1 operations. Compared to the method proposed in [32] for calculating
the cycles of BNs, Algorithm[4) efficiently determines cycles of length d by leveraging
the power of L, rather than computing the proper factors of d.

In order to simplify the following matrix calculations, we express the attractor
C{ as a column vector denoted by O¢, that is, Of := 251, ecd 0.
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Algorithm 4 Calculation of all cycles of length d of system
Require: L, d, ¥y
Ensure: Cycles of length d: C{,CY, - ,Cj‘{,d
. Initialization: Set [ < 1, Ny - 0, C§ < 0.
: Calculate the number of cycles Ny = N%j'.
while [ < Ny do
Choose a state xp € Uy '\ U;;lo C]‘-l.
Calculate the cycle C& < {x¢, Lz, - - - LDy,
if ), C! = U, then
return C{,CY, ... ,Cj‘f,d
break
end if
l+1l+1
: end while

—
— O

Then, assume the reference signal is y* = 551) and define the set W (y*) as:
W(y*) = {04.] Coly(H) = 6y, i € {1,2,--,2"}}. (4.3)

W (y*) includes all states whose output equals 85, To make the ROTP meaningful,
in the following we suppose W (y*) # () . We express the set W(y*) in a column
vector form denoted by Y™, that is,

V=Y v (4.4)

The following theorem provides conditions for the solvability of the ROTP of
system ([2.6)), that is, it gives the criterion to check whether the outputs of system
(2.6)) can recurrently track y* starting from a given initial state.

Theorem 4.6. The ROTP of system (@) starting from an initial state xo = 04n
is solvable if and only if, there exists an integer o € Z and a column vector Of,
where d € {1,2,---,2"} and | € {1,2,--- | Ny}, such that

Coly(L*) 0 Off # 050 and O 0 Y* # Ogn. (4.5)

Proof: (Necessity) Since the state space of system is finite, every state must
eventually converge to an attractor. For the given initial state xo = 05., there exists
an integer a > 0 and a cycle C where d € {1,2,---,2"} and [ € {1,2,---, Ny} such
that

L2863, = Col,(L*) € C.




RECURRENT OUTPUT TRACKING OF B(C)NS 49

Assume that Cf = {05k, 0%, -, 65 }. Then, there exists an integer j such that
Col, (L) = 65

This implies Col,(L%) 0 Of = 05 # 0yn.

Next, to prove the second condition, we proceed by contradiction. Assume that
Of 0 Y* = 0y, which implies C N W (y*) = 0. In other words, the outputs of all
state in the attractor Cf are not equal to y*. Further, y(t;0%,) # y* for any time ¢.
This contradicts the definition of ROT (Definition . Therefore, the assumption
is false, and O o Y* # Ogn.

(Sufficiency) The sufficiency follows directly from the necessity proof. If both
conditions are satisfied, the state zy = d%, transitions to a cycle C{ through L®, and
there exists at least one state in C¢ whose output is y*. Thus, the output of the BN
starting from x( recurrently tracks y*. ([l

Next, we provide a procedure to find all states whose outputs can recurrently
track y* in BN . Such states are collected into the set represented by M. In
order to do this we firstly define suitable sequence of sets.

Assume that in BN there are w € Z, attractors, denoted as C1,Cs, - -+ ,C,.
For BN , given a set of states C such that C # (), a sequence of sets associated
to C are defined as follows:

MJ(C) = {(S;n | COlZ(L) S Mj_l(C), (%n € Ao \]Ol Ml(C)}, (46)

where j € {1,2,---,2" — 1} and M(C) = C. The set M;(C) represents the j-th
step reachable set, which includes states that can enter set C at the j-th step. The
upper bound of j is 2" — 1, as the worst case occurs when system’s unique attractor
is a fixed point and each reachable set consists only in one state. In general, there
exists an integer j < 2" — 1 such that M;(C) = 0 for j > j.

Algorithm |5 computes the state set M of system (2.6). The computational
complexity is O(2""1), where n is the number of state nodes. The complexity arises
from O(2") operations for attractors (Step 3), O(w) for intersection checks with
W (y*) (Step 4), and O(2" — |C|) for iterating over reachable sets (Step 9), where
w is the number of attractors and |C] is the size of the current attractor set. From
Step 2 to Step 7 in Algorithm [5] the algorithm checks for intersection between the
attractors and W (y*). If an attractor intersect with W (y*) it is included in the
set C. Consequently, the output of starting from any state in C recurrently
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Algorithm 5 Calculation of set M

Require: Matrices L and Y*, and all attractors of system : C1,Co, -+ ,Cy
Ensure: Set M

1: Initialization: Set [ < 1, j < 1, C + 0, and M «+ 0.

2: for =1 to w do

3:  Calculate O; + Z%n cc, 0gn-

4: if OjoY™ 75 0on then

5: Update the set: C < CUC(;.
6: end if

7: end for

8: while j < 2" —|C| do
9:  Calculate M;(C) according to (4.6).
10:  if M;(C) =0 then

11: Compute the set: M « ngl M;(C)ucC.
12: return M

13: break

14:  end if

15: j<J+1
16: end while

tracks y*. From Step 8 to 15, the algorithm calculates the reachable sets of C and
combines them with C to form the set M. Specifically, the states in set M;(C) are
those that enter the set C at the i-th step, where i € {1,2,---,j}. Therefore, the
output of (2.6)) starting from any state in M;(C) recurrently tracks y*. Ultimately,
M encompasses all states whose outputs can recurrently track y*. In the special
case where M = Ag., the outputs of system recurrently track y* from any
initial states.

4.4 Recurrent Output Tracking of BCNs

In this section, our objective encompasses two aspects. The first is to determine
the solvability of the ROTP for system , which involves verifying the conditions
that guarantee the output of system can recurrently track a reference signal
y*, starting from an initial state xq € Agn. The second objective, given the ROTP
is solvable, is to identify all states that satisfy the conditions for implementing ROT
and to design a time-invariant state feedback controller in the form of:

Uz(t) = gz(X(t))v 1= {1727 T ’m}7 (47)




RECURRENT OUTPUT TRACKING OF B(C)NS 51

where g; : D" — D, i ={1,2,--- ,m} is the Boolean function such that the outputs
of system ([2.7)), starting from any of the identified states, recurrently track y*.

According to Lemma the state feedback controller for system ([2.8]) is written
as

u(t) = Ga(t), (4.8)

where G € Lomyon is a state feedback gain matrix.

Note that while in Definition [4.2] no assumption is made regarding the control
applied to system , the following analysis focuses on state feedback control
(4.8). Under this assumption, Definition can be equivalently stated as: For a
reference signal y* € Aqgp, the output of system (@ recurrently tracks y* starting
from state xo € Agn, if for any t € N, there exists an integer T' > t and feedback
gain matriz G, such that y(T; xg,u) = y*.

Next, we present the conditions for the solvability of the ROTP of system
under the control defined in . To this end, we first introduce some definitions
that are instrumental to the subsequent analysis. We split L equally into 2™ blocks

as L = [Ly, Lg, -+ , Lom], where L; € Lonyon, and we define two matrices
M = ZQm Lz € Bgnxzn (49)
B i=1
and
F=5" MY € By (4.10)
B j=1

The matrix M includes all possible one-step state transition information, that is,
if state 0%, is reachable from state &}. in one step, then (M);; = 1; otherwise,
(M); ; = 0. Similarly, the matrix F" encodes all possible state transition information
across any number of steps, that is, if state 0. is reachable from state 83, then
(F);; = 1; otherwise, (F);; = 0.

Given the reference signal y* = (55;,, we define a set

O = {8 (F)is = 1, 64 € W)}, (4.11)

where W (y*) has been defined in (§.3)). Obviously, all states in set © are reachable
from themselves and their outputs are equal to y*, that is, they are recurrent states
whose output is y*. Unlike the analysis of BNs, finding all attractors of a BCN,
especially cycles, is a demanding task. Thus, in order to solve the ROTP for system
easily, in what follows we will only focus on set © rather than calculating the
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cycles that contains the states in ©. Firstly, we define the vector form of set © as

V= Z 5.
0in €O
Next, in the following theorem we give the conditions for solvability of the ROTP
of (2.8) starting from an initial state z.

Theorem 4.7. The ROTP of system (@) starting from an initial state xo = 05n
1s solvable if and only if the following conditions hold:

(i) V* # Oy
(i) Coly(F) o V* % Ogn.

Proof: (Sufficiency) Since V* # 04, we know that © # (). It implies that
there exists at least one state 8%, in ©, and according to , (F);; = 1 and
8%, € W(y*) both hold. Then for the state 3., there exists an integer p’ € Z, and
a control sequence u° = {u(0),u(1),---, u(p’ — 1)} such that

x(pl; 53”7u0) = 55"’
HEL, = y*.

Therefore, for any ¢t € Z, there exists an integer p = a x p’ > t, where a € Z,, and

a control sequence @° = {u(0),u(1),--- ,u(p’ —1),u(p), -+, u(p — 1)} such that
Y(p; 0n, @°) =y,

which implies that the outputs of system ({2.8)) starting from state §3, can recurrently

track y*. Obviously, {u((a — 1)p),u((a — 1)p' +1),-+-, u(ap’ — 1)} = @° for any

aed{l,2,--- ,pﬁ,}. Without loss of generality, for any state 65, € ©, the outputs of

system ([2.8)) starting from the states can recurrently track y*.

Then for condition (7i), without loss of generality we assume that Col,(F)oV* =

Coly(F) = 5., (4.12)
6. € 6. '

6%,., which implies

Col,(F) = 05, indicates that there exists at least one finite integer p < 2" and
a control sequence u = {u(0),u(1), --- ,u(p — 1)}, such that x(p, 5., u) = ..
Since 63, € O, for state 0%, and any t € Z,, there exists p = p+ p > t and
w = {u(0),u(1), -+ u(f — 1),u(p), - ulp)}, where {u(p), -, u(p)} = @, such
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that

*

y(p; 03n, u) =y,
which implies that the outputs of (2.8)) starting from state d5. can recurrently track

*

y*.

(Necessity) We prove it by contradiction. Assume condition (7) or (ii) does not
hold.

If V* = 0gn, i.e., © = (), there will be two cases. The first one is that (F);; = 0 for
any state 85, € W (y*), that is, for any ¢ € Z, and any u = {u(0),u(1), -+ ,u(t—1)},
we have x(t; 0., u) # 04, where 04, € W(y*). This implies that it does not exist
a recurrent state whose output equals y*. Then, y(t;0%.,u) # y* for any integer
t > 2™t However, it is worth pointing out that there might be a time instant
t € {1,2,---,2™*} such that y(t; 8., u) = y* , as the state d4, can reach another
state in set W (y*).

Another case is that for any state 04, satisfying (F);; = 1, we have 85, ¢ W (y*),
which implies that for system , all recurrent states outputs are not equal to
y*. In other words, for any such &4,, any ¢t > 2™*" and any control sequence
u = {u(0), - ,u(t — 1)}, we always have y(¢; 64, u) # y*.

If Col,(F) o V* = 0gn, according to the analysis of sufficiency, we know that
there is no integer b € {1,2,--- 2"} satisfying , which means that for the
state §5., any ¢t > 2™*" and any control sequence u = {u(0),--- ,u(t —1)}, we have
Y(t; 05, u) # y*.

Both two hypotheses contradict Definition [£.2] hence the conclusion holds. O

In what follows, we propose a method to find all states whose outputs can recur-
rently track y*, and we collect such states in a set denoted with M. To this end,
we firstly consider reachable sets of © via the concept of truth matrices [94].

Denote £y = © and Qy = Agn. A truth matrix T o, € Bamxon is given by

1, if L;6% € Ey, ¥ & € Q,
(Trol00)ij = , (4.13)
0, otherwise.

Let By := {84 | Colj(Trgy,) # Oam}. For any 63, € Ej, there exists at least a
control such that FEj is reachable from 5% in one step. That is, F; is the one-step
reachable set of ©.
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Similarly, we construct truth matrix T, o, € Bamyxon as

1, if L;&. € By, ¥ 8 € Q,
(Too,)is = o (4.14)
0, otherwise,

where Q; = Q;_1\E;. Denote Eyy; := {5§n | Col;(Tg,,) # O2n}, then for any

5gn € Eyyq, there exists at least a control such that E; is one step reachable from

8. . By recursive calculations, we know that state 83, can reach Ej by ¢t + 1 steps

under proper control sequences. Ey;.; represents the (¢ + 1)-th step reachable set.
We give the following procedure to find set M.

Algorithm 6 Calculation of set M

Require: Matrix L

Ensure: Set M
1: Calculate © according to (4.9), (4.10) and (4.11)).
2: Initialization: Set ¢ + 1, Ey + O, and Qg < Aon.
3: while t < 2" do
4: Construct the truth matrix Ty, |o,_,-
5. Calculate Ey < {6}, | Col;(T, 0, ,) # O2m}.
6: if E; =0 then

7 Set t* < t, and compute M < Uﬁ;o E;.

8

9

return M
: break
10:  end if
11:  Compute y < Q1 \ E}.
12: t+—t+1
13: end while

Since (F);; = 1, the state 6%, can reach itself under proper controls, then it
is a recurrent state. Obviously, the elements in set © are recurrent states whose
outputs equal (526;,, which implies that the ROTP of system |D is equivalent to
checking whether all states in set M can reach set ©. Similarly to Algorithm
the computational complexity of Algorithm |§| is O(2") due to the recursive
construction of reachable sets and truth matrices. Each iteration of reachable set
construction involves operations proportional to the size of the state space. In the
special case where M = Ay» the ROTP for system is solvable from any initial
state.

Remark 4.8. It is evident that Ey # () since the states in set © satisfy (F);; = 1.
Furthermore, if © C Ey and M = Agn then the ROTP of system (@ reduces to
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the traditional OTP.

Next, we propose an effective method to design the state feedback control u(t) =
Gz(t). According to the construction of matrices T, Elo, from ‘4.13|) and (4.14)) and
building up on Algorithm |§|, the calculation of the matrix G is proposed in the

following algorithm.

Algorithm 7 Calculation of the matrix G

Require: Matrix L

Ensure: Matrix G
1: Run Algorithm@and get output Tg, o, ,, where t € {1,2,--- ,t*}.
2: Compute the accumulated truth matrix T = Zi;l Tg, )0

3: Construct the state feedback gain matrix G such that

Gl < Tlaz, (4.15)
G’AQn\ﬂ < 12mx2”|A2n\ﬂv

4: return @

Algorithm [7] directly provides the state feedback controllers that ensure the out-
puts of system ({2.8)), starting from the states in set M, recurrently track the reference
signal. From the construction process of matrix G, it is clear that under these state
feedback controllers the system tracks the signal y* at the first time in the shortest
time. Indeed, for any state 6%, € M, if Col;(T) # 0ym, then there exists a positive
integer | such that 63, € E;. Moreover, if (T);; = 1, the control that steers 6}, to
the set E;_; can be selected as d8%.,. The output of all states &, € Aon \M can not
recurrently track y* under any control sequence. Thus, we assign arbitrary values
from Agm to the corresponding columns of G as indicated by the second formula in
(4.15). Using this approach, we can design all state feedback controllers to ensure
the ROT of system starting from the states in M. The computational com-
plexity is O(t*) since the controller design only requires calculating the truth matrix
T, which involves O(t*) operations.

It is worth noting that in [86] authors transform the OTP of BCNs into an op-
timal control problem, employing a cost function to derive an optimal control law
based on static state feedback. Compared to optimization-based methods suggested
in [86], our approach eliminates the need for computing a cost function, thus provid-
ing a more computationally efficient solution. Although our study does not address
the optimal control framework for ROTP, this constitutes a promising direction for
future research. In fact, the proposed method for solving the ROTP provides a
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comprehensive framework to identify all states satisfying ROT and the state feed-
back controllersthat can recurrently track the desired fixed signal, thereby laying
the groundwork for potential extensions to optimal control design. Additionally, to
solve the OTP for BCNs, in [87] authors construct reachable sets by first retrieving
the entire state space every time, and design state feedback controllers by iteratively
analyzing each state in the reachable set and determining the appropriate control
based on state evolution. In contrast, the proposed method constructs reachable sets
while integrating them with truth matrix methods. This integration enables the di-
rect derivation of state feedback controllers from the truth matrix, avoiding iterative
state-based computations. Consequently, our approach simplifies the process and

improves computational efficiency.

4.5 Recurrent Periods of BNs and BCNs

In this section, we discuss the recurrent periods of systems (2.6)) and ({2.8]).

Definition 4.9. For a state xg = 5, € Agn of system (2.6), P, € Z, is called the
recurrent period of state &%, if an integer T; > 0 can be found such that

y(T; + Py o) = y* (4.16)

holds for any integer v > 0. The smallest integer P making (4.16)) hold is called

(2

the minimal positive recurrent period of state xg.

When the ROTP of system starting from initial state 63, is solvable, we
can calculate its recurrent period by two steps. The first step is to calculate all
attractors of system via Algorithm El and find the attractor C{ that satisfies
(4.5). The second step is to compute the corresponding output trajectory of the
attractor according to the second formula of . Once the output trajectory is
obtained, the recurrent period with respect to state 3. can be obtained directly.

If the ROTP of system 1} is solvable, P := max, P is called the recurrent

period of system (2.6)). Based on the process of calculating recurrent period of one
state, we can obtain P after obtaining the output trajectories of all attractors.

Remark 4.10. Note that for system (@ the recurrent period may not be equal
to the maximum length of the cycles. The reason for this is related to the out-
put trajectory of the system. We will illustrate this concept through the following
toy example; consider a BN defined by matrices L = dg[2,3,4,5,6,1,3,5], and
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Hy = 64[1,2,1,3,4,2,2,3] and another one having the same L but with Hy =
04[1,2,1,2,1,2,2,3]. Assume that the reference signal is y* = 0). Since both sys-
tems have the same L they have the same longest cycle which is: 63 — 63 — 03 —
b — 63 — 85 — 8. However, the output trajectory for system L and Hy is
64 — 03 = 0f — 03 — 6 — 62 — 0} (depicted as Case 1 in Figure [{.1)), with a
recurrent period P = 6, equal to the length of the cycle. Differently, for system L
and Hy the cycle output trajectory is i — 62 — 61 — 02 — 01 — 62 — 04 (depicted
as Case 2 in Figure , and the recurrent period is P = 2 which is not the length
of the cycle.

Case 1

the index of outputs
T

Case 2

the index of outputs

Figure 4.1: The output trajectory of the cycle: Case 1 and Case 2

Next, we consider the case of adding controls in BNs, and further give the cor-

responding definition of the recurrent period.

Definition 4.11. For a state zo = %, € Agn of system , P; is called the
recurrent period of the state 5., if an integer T; > 0 and a control sequence u’ can
be found such that

y(T; + aPy; zo,u') = y* (4.17)

holds for any integer a > 0. The smallest integer P making (4.17) hold is called

)

the minimal positive recurrent period of state x;.

Since
o(t + 1) = Lu(t)z(t) = LGz (t)x(t) = LG M, onx(t) := La(t),

a BCN under a given state feedback control can be viewed as a BN. When the ROTP
of system (2.8) from initial state z is solvable under the controller u(t) = Gx(t),




RECURRENT OUTPUT TRACKING OF B(C)NS 58

we can calculate the recurrent period of xy using the same method as system ([2.6)).
And if the ROTP of system 1) is solvable, P := max P/ is called the recurrent

1<i<2n
period of system ({2.6]).

Remark 4.12. [t is worth noticing that the ROTP becomes the OTP when the
recurrent period is P = 1. Therefore, the OTP discussed in reference [87] is a
special case of the ROTP. In addition, periodic output regulation problem involves
designing controllers such that the system tracks a periodic reference signal. In our
context, when the recurrent period of BCNs is fixed and greater than 1, and there is
only one cycle reachable from the system’s states, the output trajectory that BCNs
track under the controller given by Algorithm [ will be periodic. Therefore, in this
case the ROTP proposed in this paper can be viewed as the periodic output requlation

problem.

4.6 Examples

Example 4.13. (ROTP of BNs) Consider the BN proposed in [32] and reported
here:

(4.18)

where X, X5, X3 € D are the states and Y € D is the output. Assume that system

(4.18]) evolves starting from initial state X (0) = (0,1,0) and the reference signal is
Y =1.

Based on the matrix expression, system (4.18)) is written as

(4.19)

z(t+ 1) = Lx(t),
y(t) = Hu(t),

where z(t) = x?_x;(t) € Ag, y € A, L = 03[3,7,7,8,1,5,5,6], and H = §,[2,2,1,2,
2,2,1,2]. The initial state is z(0) = §3 and the reference signal is y* = 6;. Figure
shows the state transition graph of system (4.19).

Based on (£.3), W(63) = {6 Coly(H) =4}, i € {1,2,---,8}} = {63, 05} and it
is highlighted with a dotted circle in F igure This implies Y*=1[00100010]T.
Applying , we obtain Uy = () for d = 1,2,3 and ¥, = {83, 03,03,0%}. Clearly,
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D O 6 O

Figure 4.2: The state transition diagram of system (4.19)). The blue circle represents the
state and the dotted circle represents the set of states whose output equals y*.

|Wy| = 4, then N, = % = 1, thus there exists one cycle of length 4 for system
. Since the system has 8 states and only one cycle of length 4, no cycles of
length greater than 4 exist.

According to Algorithm [4] we select a state 6 € ¥y and compute L6} = 62,
L35} = 67, L35y = 63 and L6} = 6. This results in C{ = {ds,05,85,05}. Thus,
we identify the unique cycle 63 — 03 — 6F — 63 — 3. Consequently, Of =
[10101010]*. Since Colg(L) 0 Of # 0n and OF o Y*=1001000 1 0]" # 0gn,
according to Theorem the outputs of system can recurrently track d;
from the state 5.

Based on Algorithm [5] since Cf o Y* % 04, we have C = Cf. Next, we compute
M;(C) = {62,088}, Ms(C) = {05}, M3(C) = {d3}. Therefore, M =CU M; UM;yU
M3 = Agn. Since M = Agn, we conclude that the outputs of system can
recurrently track d3.

Note that all state trajectories of system eventually reach and remain
in cycle C. If the output of each state in this cycle is equal to y*, that is, the
outputs do not change after tracking the reference signal, the system achieves the
traditional OT. However, in this example the output trajectory of the cycle C is
62 — 04 — 03 — 62 where the reference signal y* appears recurrently. Consequently,
the system does not achieve traditional OT; in fact it recurrently tracks y*.

The efficacy of the method proposed in Section [£.4] is shown in the following
biological example .

Example 4.14. (ROTP of BCNs) Consider a deduced model for the lac operon
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in the bacterium Escherichia coli [87], whose dynamics is

Xi(t4+1) = (Xa(t) V X5(t)) AUL(2),

Xo(t+1) = Xi(t) AUs(t) AUy (2), (4.20)
X3(t+1) = ((X1(t) AUs(t)) V Us(t)) A =UL(2), '
Y(1) = —Xu(t) A (Xa(1) V X5(t)),

where X1, Xo, X3,Uy,Us, Us € D. These variables is illustrated by Table 1.1} And

Y € D is the output. Assume that the reference signal is 1. Now, our aims are to

Table 4.1: Symbolic Representation

state variables representation

X3 the lac mRNA

X5 the lactose in high concentrations

X3 the lactose in medium concentrations
control inputs representation

Up the extracellular glucose

Us the high extracellular lactose

Us the medium extracellular lactose

check whether the outputs of system (4.20) starting from the initial state X (0) =
(1,0,0) recurrently track Y = 1; then, find all states whose outputs recurrently
track Y = 1 and design the corresponding state feedback controllers.

According to Lemma , system (4.20) can be expressed as

x(t+ 1) = Lu(t)x(t),
{ (1) = Halt) 2

where

L =5[8,8,8,8,8,8,8,8,8,8,8,8,8,8,8,8,8,8,8,8,8,8,8,8,8,8,8,8,8, 8,8, 8,
1,1,1,5,3,3,3,7,1,1,1,5,3,3,3,7,3,3,3,7,4,4,4,8,3,3,3,7,4,4,4,8],

and H = §,[2,2,2,2,1,1,1,2]. The reference signal is y* = d5 and the initial state
z(0) = 54

Firstly, from the output matrix H, we can easily see that W(d3) = {43, 3, o1 }.
After a simple calculation, we get matrices M and F'. And based on , we have
© = {43,65}. Obviously, V* =[00001010]T. Since ©® # () and Colz(F)oV* # 0gn,
the outputs of system starting from the initial state d3 recurrently track d3.
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Denote Ey = O, Qy = Agn. According to Algorithm [6] we can establish the truth

matrix

Try0 =

o O O O O O O O

o O O O O O O O

o O O O O O O O

O O = = O O O O

O O O O o o o

0

O O O O o o O

0

S O O O o o o o

E; can be easily calculated, that is, F; = {dg, 65}
Due to E; # ), then calculate Q; = Qo\E; = {0},62, 03,83, 65,05}, and construct

the truth matrix

Tg o, =

O O O O =

O O O O ==

O O O O ===

S O O O o o o o

_ = O O = = = =

_ o= O O == =

o= O O ===

SO O = = O O O O

S O O O o o o o

€ Bgsxs.

According to the above matrix, it shows that FEy = {4}, 62, 03,03,05,05}. Then

Qy = O\ F2 = 0, which implies E3 = ().

Obviously, S = E; U Ey = Ag. That is, the ROTP of system (4.20)) is solvable.

Then calculate

T =Trya + Tejo, =

S O O O = = o=

O O O O o=

O O O O ===

O O = = O O O O

e === e T S G

O O Rk O O O O

_— = O O = e
—_ = O O === =
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according to Algorithm EI, further, the state feedback controller G to steer all states
in set S to © can be designed as

Gls<Tls.

We know that all possible state feedback matrices have the following forms:

~

G = 58[j17j27j3aj47j57j67j7aj8]7

where ji,jo,js € {1,2,3,4}, 44 € {5,6,7,8}, js5, Js, j7 € {1,2,3,4,7,8},js € {5,6}.
Consequently, the outputs of system can recurrently track the reference
signal 0} under 110592 state feedback controls. For example, we can take G =
ds[1,1,1,5,1,1,1,5], which corresponds to the following controller:

B1<t) == A2 V A3,
By(t) =1, (4.22)
Bs(t) = 1.

Example 4.15. (Recurrent period) Recall Example [1.14]
The ROTP of system (4.21)) is solvable under the state feedback controller (4.22)).
Then its state transition diagram is displayed in Figure [4.3]

Figure 4.3: The state transition diagram of system (4.21)) with the state feedback controller
(4.22). The blue circle represents the state and the dotted rectangle represents the set of
states whose output equals y*.

Figure displays that there is only one cycle §¢ — §5 — d%, and the corre-
sponding output trajectory is 63 — 62 — ds. It follows that the recurrent period of
system (4.21) under state feedback controller (4.22)) is P = 2.
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4.7 Conclusion

This chapter first proposed and investigated the ROTP of BNs and BCNs. For
BNs, by analyzing the attractor structures, necessary and sufficient conditions were
established to characterize the solvability of the ROTP. For BCNs, algebraic criteria
and corresponding algorithms were developed based on the truth matrix representa-
tion to determine whether the desired tracking can be achieved. Furthermore, state
feedback controllers were constructed to guarantee ROT, and the notion of recur-
rent periods was introduced to characterize the temporal properties of the resulting
trajectories. It was also shown that the traditional OTP can be viewed as a special
case of the ROTP.

However, the computational complexity of the algorithms limits their applica-
bility to smaller systems, as the dimension of the truth matrix grows exponentially
with the network size. In addition, this chapter focuses on constant reference sig-
nals, while the extension to time-varying reference signals remains an open problem

for future research.







Chapter 5

Recurrent Output Tracking of
Switched Boolean Control

Networks

5.1 Introduction

The ROTP for BNs and BCNs has been investigated in the previous chapter,
where algebraic conditions and controller design methods were developed to ensure
that the system outputs track a desired reference signal intermittently and infinitely.
These results provide a flexible framework for relaxing conventional OT requirements
and capturing long-term behaviors in logical dynamical systems.

Compared with B(C)Ns, the presence of switching significantly increases the
complexity of system dynamics, since the system evolution depends not only on
the control inputs but also on the switching sequence. Consequently, the controller
design methods developed for B(C)Ns cannot be directly extended to SBCNs, as
the ROTP requires the joint design of control inputs and switching strategies. In
addition, the previous chapter focused on systems with a fixed initial state, resulting
in a local formulation of the ROTP. Extending the problem to arbitrary initial
states naturally leads to a global formulation, which introduces additional theoretical
challenges.

Motivated by this, this chapter studies the ROTP for SBCNs. By introducing
the concepts of recurrent states, the problem can be viewed as a set controllability
probelm, further necessary and sufficient conditions are established for the solvability
of the ROTP for SBCNs. In addition, an efficient algorithm is developed to design
state feedback controllers and state feedback switching signals such that the system

65
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can recurrently track a desired reference output.

5.2 Problem Formulation

Recall the SBCN ([2.12) in Chapter The constant reference output signal
considered in the chapter is denoted by ¥ = (Y1,Ys,---,Y,) € DP. We now extend
the ROT definitions in the previous chapter to ROT for system ([2.12]) under a global

setting.

Definition 5.1. Given system and a desirable output signal Y, the outputs
of system are said to recurrently track Y, if for any initial state X (0) € D"
and any integer ¢ € N, there exist an integer 7" > ¢, a switching signal sequence > =
{2(0),%(1),---,2(T"—1)} and a control sequence U = {U(0),U(1),--- ,U(T' —1)},
such that

Y(T; X(0),%,U) =Y. (5.1)

Remark 5.2. In Chapter[], we proposed the definition of ROT for BNs and BCNs
under a given initial state. In contrast, this chapter considers SBCNs and addresses
the problem in a global sense, requiring ROT to be achieved from any initial state.
This results in a more stringent formulation, as the control and switching strate-
gies must quarantee the desired tracking performance uniformly over the entire state

space.

Remark 5.3. In terms of each initial state, if for any time t € N, we can always
find a time T >t such that the outputs of system at time T reach the signal
Y, it is obvious that the outputs can track Y often in a long evolutionary process.
Indeed, for system , the definition still holds if the condition “for anyt > 07
is omitted. Suppose that, for a fived initial state X, there exist an integer Ty >0, a
switching signal sequence 3X° = {£°(0),2°(1),--- ,X%(Ty—1)} and a control sequence
U° = {U%0),U°1),--- ,U%Ty — 1)}, such that state X(0) evolves to X := X (Tp)
and Y (Tp; X, X°,U%) = Y. For the state X (considered as an initial state), there
exist an integer Ty > 0, a sequence Xt = {£1(0),X*(1),--- , YTy —1)} and a control
sequence U' = {UY(0),U(1),--- , UNTy — 1)}, such that Y(T1; X, %", U') = Y.
Then, for the state X, there exist an integer T' := Ty + Ty, a sequence X' = {39 31}
and a sequence U' = {U°,U'}, such that Y (T"; X, %, U") =Y.

Thus, due to the existence of switching and control sequences satisfying
for each initial state, during the continuous evolution process, the outputs of sys-
tem , starting from the initial state X, can recurrently equal Y. Due to the
arbitrariness of the initial state, the outputs of system recurrently track Y .
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The definition we propose in this chapter is the most general and applies to any
case, including systems with time-varying restricted control sets and switching signal
sets. We provide this unified form to facilitate convenient and consistent study in

future research.
In this chapter, we have the following two objectives:

i) To check whether there exist a switching signal sequence and a control sequence
such that the outputs of system (2.12) can track a constant output signal Y
recurrently (The solvability of the ROTP).

ii) To design a state feedback switching signal in the form of
X(t) = w(X (1)), (5.2)
and a state feedback controller in the form of
Ur(t) = gr(X (), k=1,2,---,m, (5.3)

where w : D" — {1,2,---,u} and gy : D" — D, k = 1,2,--- ,m are the
Boolean functions, such that the outputs of system ([2.12)) recurrently track Y.

The algebraic form of the SBCN (2.12) is given in Chapter 2] that is, the equation
(2.13). In terms of system ([2.13]), the equivalent form of Definition is given as

follows.

Definition 5.4. Given a desirable output signal g, the outputs of system
are said to recurrently track g, if for any initial state xy and any integer ¢t € N, there
exist a T € N with T' > ¢, a switching signal sequence 0 = {0(0),0(1),--- ,0(T—1)}
and a control sequence u = {u(0),u(1),--- ,u(T — 1)}, such that y(T; x¢,0,u) = 7.

Our objectives can be restated referring to system as follows: i) Check
whether there exist o and u such that the outputs of system can recurrently
track the desirable output g; ii) Design a state feedback switching signal o(t) =
Wa(t), W € Luxon and a state feedback control u(t) = Gu(t), G € Lymxan such
that the outputs of system can recurrently track .

5.3 Recurrent Output Tracking of SBCNs

The ROTP is formally equivalent to determining whether the outputs of an
SBCN intermittently and infinitely coincide with the desired output. This problem
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is addressed through the concept of recurrent states, which is given as follows:

Definition 5.5. Given system and a state x = 04, € Agn. 04, is said to
be a recurrent state of system , if there exist an integer 7' > 0, a switch-
ing signal sequence 0 = {0(0),0(1),---,0(T — 1)} and a control sequence u =
{u(0),u(1), - ,u(T — 1)}, such that x(T; 4, 0, u) = db..

From the above definition, we know a state that reaches itself under the ¢ and
u will reach itself again by repeating the same switching and control sequences.
Therefore, recurrent states are those that return to themselves infinitely often. If a
state x is a recurrent state of system and the output y = Hx = ¢, then the
output trajectory generated by z will intermittently and infinitely reach the output
7, that is it will recurrently track §. Thus, the set of recurrent states whose output
equals 7 is the required target state set, and the ROTP can be regarded as the case
that all states of the system can reach this target set. Firstly, we determine the
target state set.

Assume the desired output signal § = d5,. Define the set I'(7) as:

F(ﬂ) = {5§"| COlz(H) = 531’7 (S {17 2, 72n}} (54>

['(g) includes all states whose output equals d3,. As mentioned in Chapter 4l we
suppose I'(7) # () to make the ROTP meaningful.

Split the matrix L9 into 2™ blocks as LY = [L, Ld, -+ | Lin], where L € Lonyon,
ge{l,2,--- ;u}and k € {1,2,--- ,2™}. Define two matrices

M:=5""S" LI€c By (5.5)
B =1 B ¢=1
and .
Fo=Y"""" € Byyor. (5.6)
B j=1
If there exist at least one switching signal o(t) = 7 € A, and one control

u(t) = 6%, € Aym such that z(t + 1) = 6. = Lo(t)u(t)z(t) = L0405, = Lids.,
then, (03.)" 0%, = (83.)T LEd%. = (L{);; = 1. Considering

S S (63 LG = (530S S L = (63.) TSy, = (M),

B k=1 B ¢g=1 B k=1 B ¢=1

we know that the matrix M includes all possible one-step state transition informa-

tion. In other words, if there exist at least one switching signal and one control
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such that the state 03. is one-step reachable from the state &4, then (M);; = 1;
otherwise, (M);, = 0. Furthermore, F includes all possible state transition infor-
mation. That is, (F);; = 1 implies that 6. is reachable from 6%, under at least one
switching signal sequence and one control sequence. Since there are p subnetworks,
2™ controls and 2" states for system , the worst case is that one state reaches
another state within p2"*" steps [7].

Based on (5.4]) and (j5.6]), we denote the set
A= {0 (F)ig=1, 6. € T(9)}- (5.7)

Obviously, A contains the recurrent states whose outputs equal d3,, which is the
required target set for the ROTP of system (|2.13]).

After determining the target set, the ROTP becomes to check whether all states
of system can reach the set A. To this end, we give the definition of set

controllability for system ([2.13]).

Definition 5.6. Given a nonempty state set S. System is said to be set
controllable to S, if for any initial state zo € Agn, there exist an integer T > 0,
a switching signal sequence o = {¢(0),0(1),---,0(T — 1)} and a control sequence
u={u(0),u(l), - ,u(T — 1)}, such that x(T;x¢,0,u) € S.

Now, we discuss the condition for determining the set controllability of system
(2.13]) via the mode-dependent truth matrix method suggested in [97].

Given a switching signal ¢ € {1,2,--- , u} and a nonempty set S, we denote by
T7(S) a mode-dependent truth matrix whose rows and columns represent values of

the control and state respectively:

1, if L6, € S, V 6% € Aogn,
(T9(S))ks = . : (5.8)
0, otherwise.

When (T%(S))x; = 1, the state 0}, can reach set S under the switching signal ot
and the control 8%, in one step; otherwise, it can not reach S in one step. Thus,
Col;(T9(S)) # 0am implies that there exists at least one control such that the state
). can reach the set S under the switching signal 0% in one step. The rows where
the non-zero position is located correspond to feasible controls.

Furthermore, we construct the [-th step reachable set of the set S as follows:
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u -1
@(S) = | 2/(9) \ U ®;(5), L € Zy, (5.9)
where the set ®Y(S) = {63, | Col;(T7(S)) # Ogm}, and

1, if L9863, € ®;_1(S), ¥V 8, € Agn,
(@), = - Ll € DalS) : (5.10)

0, otherwise.

Here, the set ®(S) := S. Apparently, .=} ®;(S) = 0 when [ = 1 and &;,(5) #
®,,(S) when 1y # .

Lemma 5.7. System is set controllable to S, if and only if there exists an
integer € > 0, such that

) @u(S) = Aur. (5.11)

Proof: (Sufficiency) If there exists an integer € > 0 such that holds, then
for every state x = 5%@ € Agn, there must be a unique integer 0 < &’ < &, such
that &}, € ®.(S). According to the construction of and (5.10), we can find
a switching signal 6% € A, and a control % € Agm, such that 63, € ®%(S) and
quéfigdgn € ®._1(S). Then, we choose 0 = W}, = (5zj and u = G = 0k,
where W € L, xon, G € Lomyon and 5§fn < Col;(TZ (9)). Therefore, for any initial
state x(0) = 8. € Agn, we can get a unique integer 0 < ¢’ < ¢, a state feedback
switching signal o(t) = Wx(t), W = 0,[q1, ¢2, - - - , gan], and a state feedback control
u(t) = Gx(t), G = dgm[ky, kg, - -+ , kon], such that z(e’; z,0,u) € S. According to
Definition , system is set controllable to S.

(Necessity) If system is set controllable to .S, then for any initial state zy €
Agn, we can find an integer 7 = 7(x¢), a switching signal o = {¢(0),0(1),-- ,0(7 —
D} =0,{q.q1, - ,¢r—1} and a control u = {u(0),u(1), - ,u(r — 1)} = dam{ko, k1,

-, kr_1} such that
x(7; 2, 0,u) € S. (5.12)

According to the state evolutionary dynamics and (5.12), we have z(7) = Lo (7 —
Du(t — Da(r —1) = L5ZT*15]2€ZJ1x(T —1) € § = Py(S5). From , we know that
z(r — 1) € ®4(S5). Furthermore, we have (1 — 1) = Lo(7 — 2)u(r — 2)z(1 — 2) =
L6ZT—25]2€;_2x(7' —2) € ®4(95),which implies that z(1 — 2) € ®o(5). If 7 —2 = 0,
then x(0) = xg € $o(.5); otherwise, z(7 — 3) € P3(.5). Keep continuing the process,
z(0) € ®.(S). Thus, for any initial state g € Agn, there exists the smallest integer
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0 < 7(x9) < 7, such that zp € ®(4,)(S). Due to the arbitrariness of zg, let
e = max{7(zg) | 9 € Agn}. Then, holds for the integer e. O

We point out that the upper bound of ¢ is 2" since there are 2" states and the
most extreme scenario is when each ®;(.5) is a single point set.

The following theorem is provided to show the relationship between ROT and
set controllability for system ([2.13)).

Theorem 5.8. The ROTP of system is solvable, if and only if system
is set controllable to the set A # (), where A is defined in .

Proof: (Sufficiency) Condition A # () implies that there exists at least one state
6%, in A such that (F);; = 1 and &, € T'(g), that is, there exist an integer 7/ > 0,
a switching signal sequence o = {0 (0),0(1),--- ,0(7" — 1)} and a control sequence
u={u(0),u(l), -+ ,u(r" — 1)} such that

$(7,5 65”’ g, u) = 5%%

Hos, = 4.
Therefore, for any state d5, € A and any integer ¢ € N, there exists an integer
T=ax71 >t where a € Z,, a switching signal sequence o and a control sequence
u such that y(7;d%.,0,u) = 7, which implies that the outputs generated from all
states in A can recurrently track 3.

If system is set controllable to A, without loss of generality, for an initial
state zo = 55;, we can find a proper state 05, € A, a switching signal sequence
o ={0(0),0(1),---,0(7—1)} and a control sequence u = {u(0), u(1), --- ,u(7—1)}
such that

&(7; 0%, 0, 1) = 04, € A (5.13)

Based on the analysis of the set A, we deduce that for the state 82, and any in-
teger t € N, there exists 7 = 7+ 7 > t, 0 = {0(0),0(1),---,0(7 — 1)} and
u = {u(0),u(1),--- ,u(r — 1)} such that y(7;03.,0,u) = 7. It implies that the out-
puts generated from state 63, can recurrently track §. Considering the arbitrariness
of xy, we conclude that the outputs of system can recurrently track .

(Necessity) We prove it by contradiction. If A = (), there are two cases. The
first one is that (F);; = 0 for any state 65, € I'(§), i.e., there is no recurrent state
whose output equals §. The other case is that 03, ¢ T'() for any state %, satisfying
(F)i; = 1, which implies that for any such 63, and any ¢ € Z,, there is no integer
T > t and control sequence u such that y(T'; d%.,u) = 7.
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If system is not set controllable to the set A, according to the analysis
of sufficiency, we know that at least one integer j € {1,2,---,2"} does not satisfy
, which means that for the state 6., some time ¢ > 0, any o and any u, we
have y(t; 84, 0,u) # § for any ¢ > 1.

Both two hypotheses contradict Definition [5.4] Hence, the conclusion holds. O

According to Lemma [5.7] and Theorem [5.8] the following result is given to detect
the solvability of the ROTP of (2.13)).

Corollary 5.9. The ROTP of system is solvable if and only if the set A # ()

and there exists an integer € > 0 such that

e
U ®:(A) = Agn. (5.14)
=1

Note that if the ROTP is solvable under switching signal sequences and con-
trol sequences, there must exist the corresponding state feedback switching sig-
nals and the corresponding state feedback controls. The reason is as follows. The
ROTP can be regarded as the set controllability problem. If there exist a switch-
ing signal sequence and a control sequence, it is possible to choose the short-
est one. For an initial state zy = 5%11, there exist the switching signal sequence
o=1{0(0),0(1),---,0(T = 1)} = 0,{q1,¢2, - ,qr} and the control sequence u =
{u(0),u(1), -+ ,u(T—1)} = dom{ky, ko, -+ , kr}, such that x(¢; xg,0,u) € A. We as-
sume the generated state trajectory is 635 — 032 — --- — 635, Then let Col;, (W) =
0% and Col;,(G) = 6%, We collect one state from Agn \ {03h, 6%, - - - L6551 do the
same process, then obtain some other columns of W and . Until all the states are
checked from generated state trajectories, all columns of W and G can be deter-
mined.

In what follows, based on the analysis of Theorem and , we propose
Algorithm [8) to find the matrices W and G such that the output of can
recurrently track the signal .

The first step of Algorithm [8] ensures that there exist switching signal sequences
and control sequences, such that some states can return themselves and their out-
puts equal §. Assume that there are « elements in A and denote it by A =
{635, 0%, -+, 6da}. In the following procedures, for each state 83., we can find an
integer ¢/, such that 03, € ®.(A). We then deduce that all states in A can reach
the set A. From each ®./(A), according to the corresponding mode-dependent truth
matrices, the G and W satisfying all states in A reach A can be designed. When all
states in Agn \ U, . (A) have been checked, the G and W such that the ROTP is
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Algorithm 8 Switching signal and control design for the ROTP of system ([2.13))

Require: Matrix L N
Ensure: Matrices W and G

: Calculate the set A according to equations (5.5)), (5.6), and (5.7).

: for each state 82, € Ayn do 4

Find the unique integer ¢’ (0 < ¢’ < ¢) such that &, € ®./(A).

Find a switching signal d/ € A, and a control 5];3',1 € Agm satisfying &, € <I>Zf (A)
and Lqﬂ'égf;ﬁjn € d_1(A).

Set Col;(W) « §;7 and Colj(é) — 55&.

: end for N

7. return W = 5H[q1, qo, - ,QQn], and G = dgm [k‘l, ko, .- ,/fgn].

>

solvable can be designed.

Remark 5.10. In Algorithm [§, if all states in the set A reach itself by one step
or they form some cycles, then the ROTP becomes the traditional OTP for system

.

5.4 An Example

A biological example is provided in this section to test the obtained results.

Example 5.11. Consider a modified model based on the lac operon in the bacterium

Escherichia coli [129], whose dynamics are

Xi(t+1) = LU ), Us(t), Xa(t), Xa(t), Xs(1)),
XQ(t + 1) = fQE(t)(Ul(t)v UQ(t>a Xl(t)a X2(t>’ X3(t))7 (515>
X3t +1) = 79U (1), Us(t), X1 (2), Xa(t), Xs(1)),

where 3(t) € {1,2} and
fa = Xa(t) NUL(H), (5.16)

and
fi=Xa(t) v Xo (1),

f3 = Xa(t) NUL(Y), (5.17)
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Assume the output dynamics of system ([5.15]) are

Yilt) = Xa(t) A ~(Xa(0) A Xs(0), s,
Ya(t) = ~X5(t).
The algebraic forms of system and can be expressed as
z(t+ 1) = Lo(t)u(t)z(t),
5.19
{ y(t) = Ha(d), (519)

where

Ll - 58[]‘727 176’ 37 47 37 8’ ]‘727 176’ 37 47 37 8’ 37 47 37 8’ 3’ 47 37 87 3’ 47 37 87 3’ 47 37 8]7
L, =05[1,1,1,5,3,3,3,7,1,1,1,5,3,3,3,7,3,3,3,7,4,4,4,8,4,4,4,8,4, 4,4, 8],
H=06,02,1,4,1,4,3,4,3).

Assume that the reference signal is § = ¢;.

From the output matrix H, we can easily see that ['(5}) = {02, dg}. After a simple
calculation, we get matrices M and F. And based on , we have A = {62, 03} # 0.

Denote @5 = A. According to [5.9 and [5.10] we evaluate the mode-dependent

truth matrices

000000 0 0]
000000O0GO0DO
THA) = € Bixs,
1()00001110 48
11101110
and ~ _
010007100
010007100
T?(A) = € Byys.
1()01000100 8
01000100
Then, ®1(A) = {81, 62, 82,6, 65,67} and 2(A) = {62, 85}. Thus,

(I)1<A> = {5é7552;75§75§)75276§}
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(@ ()—

Figure 5.1: The state transition diagram under W and G

We evaluate matrices Ty (A) and T3 (A)

11111111
11111111
THA) = € Biys,
2()11110000 A8
00000000
(111110 1 0]
11111010
T2(A) = € Byys.
2()10101010 8
10101010

Then, ®!(A) — {51, 62,63, 8%, 65, 65,67, 68} and 2(A) = {42, 62,6, 62,65, 67}, We
obtain that ®,(A) = {dg, 05 }.

Since A # () and ®1(A) U ®3(A) = Agn, we conclude that the ROTP of system
is solvable. Further, we design the matrices W and G.

For the state 6% € ®;(A), we have o(t) = 8}. Then u(t) = Gx(t) = 8} satisfies
Coly(G) < Coly(T}(A)). For the state df € ®y(A), we have 0( ) = 05 or 63, If
o(t) = 61, then u(t) = Gx(t) = 61,02, or 03, which satisfies Coly(G) < Coly (T4 (A)).
If o(t) = 63, then u(t) = Gz(t) = 6}, or 62 such that Coly(G) < Coly(TZ(A)) holds.
Analogously, one can obtain the results for remaining states.

Finally, according to Algorithm [§] there are 900 different combinations of W
and G. Here, we list one of them, that is, W = 92[1,2,1,1,1,2,1,1] and G =
044,1,4,1,3,1,3,1]. Figures and show the corresponding state transition
diagram and the output trajectory respectively.

Note that in this case, the state d2 can reach itself every time and its output
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ouput value
N
1

the output trajectory of state (5; the output trajectory of state 63

the output trajectory of state Jg the output trajectory of state o‘g
the output trajectory of state 62,52,52 the output trajectory of state 63
0 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8
time t

Figure 5.2: The output trajectories of system 1} under W and G

equals . If all states of the system reach to d2, then the system can achieve the
traditional output tracking. However, only one state can reach d7. Except for
62, other states can enter the recurrent state trajectory d3 — d3 — da. And the
corresponding output trajectory is d; — df — ;. Overall, although it can not
achieve the traditional OT, the system can recurrently track the signal .

5.5 Conclusion

This chapter addressed the ROTP in SBCNs, introducing its definition and a
solvability condition based on recurrent states and reachable sets. State feedback
controllers and switching signals were designed to achieve ROT. Finally, the validity
of obtained results were verified through a practical example.




Chapter 6

Strategy Optimization of
Controlled Heterogeneous
Hyper-networked Evolutionary

Games

6.1 Introduction

In the previous chapters, the analysis and control problems of logical dynamical
systems have been systematically investigated, including identification and recurrent
output tracking for B(C)Ns and SB(C)Ns. Furthermore, NEGs with finite strategy
sets can also be viewed as a class of logical dynamical systems. This connection
enables the algebraic framework developed in the previous chapters to be naturally
extended to the analysis and control of evolutionary game dynamics.

As an important application of logical dynamical systems, NEGs [I4] provide
a powerful framework for modeling strategic interactions among multiple players
in complex real-world systems, where collective behavior emerges from individual
decision-making processes. However, most existing works on NEGs are based on
pairwise interactions, which are insufficient to capture higher-order interactions com-
monly observed in real-world scenarios, such as group cooperation, multi-party com-
petition, and social dynamics [17, 18, 19, 20]. To overcome this limitation, HNEGs
have been introduced to model multi-player interactions [22]. Nevertheless, existing
studies mainly focus on homogeneous hypergraphs or simplified interaction struc-
tures [110] 1106, 120], and the strategy optimization problem under heterogeneous

77
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hypergraphs with payoff constraints remains largely unexplored.

Motivated by this, this chapter investigates the strategy optimization problem
of heterogeneous HNEGs. By employing the STP method, a unified algebraic rep-
resentation of heterogeneous HNEGs is established to represent the evolutionary
dynamics with hyperedge-induced multi-player payoff structures. By introducing
control players as external inputs, the strategy optimization problem is reformu-
lated as a minimum-time set controllability problem. Based on this formulation,
necessary and sufficient conditions are derived to guarantee that the payoff of each
player reaches and remains above a prescribed threshold, and corresponding state

feedback control methods are developed to achieve this objective.

6.2 Algebraic Formulation of Heterogeneous HNEGs

In this section, we establish an algebraic framework for heterogeneous HNEGs
introduced in Chapter By introducing payoff matrices associated with
hyperedges of different orders, the overall payoff structure is unified into an algebraic
form based on the STP method, which facilitates the formulation of the evolutionary
dynamics.

We first assume that all players share a common finite strategy set, i.e., §; =
{1,2,--- ,k}, Vie{1,2,---,n}. And we adopt the widely used myopic best re-
sponse adjustment rule as the strategy update rule, which means that at each time
step, each player selects the strategy that maximizes its instantaneous payoft given
the current strategies of all other players.

In a heterogeneous HNEG, player ¢ interacts with its neighbors through higher-

order interactions and its overall payoff at time ¢ can be expressed as

ki .
Cz'<t) = ; Cfi(xi<t)7 iy (t)v Lo (t)7 T

), (61)

g9

where cf’f represents the payoff function of player 7 on the hyperedge E! and g} :=
|E}|. Note that although the same notation ¢; is retained, it now represents the
overall payoff of player ¢ at time ¢ in the entire hyper-network, rather than the
payoff function of a finite normal game in Definition

Example 6.1. Recall Example 2.10f For player 3 in Figure 2.1 we have E(3) =
{E}, E2 E3}. The corresponding neighbor sets on each hyperedge are N (3, E3) =
{2,3}, N(3,E2) = {1,3,4}, and N(3,E3) = {3,4,5}, respectively. Consequently,
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its overall payoff at time t can be written as

1

ca(t) =ch3 (w3(t), 2a(t)) + 5 (w3(E), @1 (1), 2a(8)) + 52 (w3(8), @a(t), w5(1)).

To derive an algebraic representation of the payoff functions, we introduce payoff
matrices associated with hyperedges of different orders. In classical 2-player FNGs,
the payoff structure can be represented by a matrix, as illustrated in Figure ),
where the row and column indices correspond to the strategies of the two players,
respectively. For instance, if player 1 and player 2 adopt strategies C' and D, re-
spectively, then player 1 obtains payoff S while player 2 obtain payoff T'. However,
in FNGs arising in heterogeneous HNEGs, the payoff structure may no longer be
described by a two-dimensional matrix. For example, in a 3-player FNG, the payoff
depends on the strategies of three players and can be naturally visualized as a three-
dimensional payoff cube, as illustrated in Figure[6.1p), whose three axes correspond
to the strategies of the three players. If player 1, player 2 and player 3 adopt strate-
gies C'; D and D, respectively, then their corresponding payoffs are S, W and W.

,I C D

N b) player 2 X;= C c
"a . player 2 3 = 2
| ) . b E _ — b| (T.G.G) | (W, W,S)
i | RuR) | (ST | | g c
E % | % & C D
it =ao| (1Y (P1. P1) | . I I\I X.= D c
L / % -
. SR T WS W) (P PPy | |

;
/
e

Figure 6.1: Payoff structures associated with different FNGs. a). The payoff structure of
a 2-player FNG. b). The payoff structure of a 3-player FNG.

We adopt a vectorization-based matrix formulation [I07] to obtain a unified
algebraic representation for FNGs G1,Gs, - ,G,. For a hyperedge E' involving
g; players, the payoff of each player is represented by a payoff matrix obtained by
enumerating all possible strategy profiles, as summarized in Table 6.1, The symbols

“Pro” and “P” in the table represent profile and player respectively.

Remark 6.2. Since the hypergraph considered in this chapter is undirected, the play-
ers contained in each hyperedge have no inherent ordering. Consequently, for any hy-
peredge containing players iy, is, iz € N, all permutations such as (iy,i2,13), (i1, 13, i2),
(19,11,13), (i2,13,%1), (i3,11,12) and (i3, i2,11) represent the same hyperedge. For nota-
tional convenience and without loss of generality, we sort player indices in ascending
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Table 6.1: Payoff matrix associated with a hyperedge E' involving g; players

Pro
11--- 1011~ 2 - 111 k|- [ kk-- k
P
11 aiy a2 e a1k | agm
19 as a? e ask o | aggm
lg, Qg1 Qg2 e g,k U Qg k91

order throughout the chapter and consider only representations of the form (iy,is,13)
with 1 < ig < 13.

Let

g .
‘/q = [aqlua’q27 e 7aqul]7

where ¢ € {1,2,---,¢g;}. Each entry of V% corresponds to the payoff received by the
g-th player under one of the k% possible profiles on the hyperedge E'. We identify
each strategy set S;, ¢ € N, with the logical vector space S; ~ Ay, so that the
strategy | € S; is written as the vector form §¢. Thus, using the STP method and
Lemma , the algebraic form of the payoff of player i on the hyperedge E! € E(i)
can be written as
E!
et (@it), 2 (1), g, (8))

El

=G i(le (t)v T 7qu71(t)7 xi@)? 'qu+1(t>7 T ’xjglz',l(t»

_ glile (t) SRR . (t)xi(t)qu+1 (t) T x]’gz—l (t)

. . . 7_ n—j i_
k91 ki2—i1—1) 1 91

_ ‘/;ngiDijlfl,k] Dgc

[quﬂ ’ki*jqﬂ*l} [ki7qu+1*i*1}

Ko &
, .. Dl D DE” : Iz (t)
= Wia(t), (6.2)

where Wig; € R is the corresponding structure row vector, and z(t) := x’/_ z;(t)

denotes the strategy profile of all players. It is worth noting that WY admits a

(2

unified expression for 1 < ¢ < g¢f. The boundary cases ¢ = 1 (when player i is
the first on the hyperedge) and ¢ = gi (when player i is the last on the hyperedge)
correspond to empty left /right segments, and are therefore written separately as

i i i j1—i—1 Tgio1 " gia
o [vipppe gt
=

i i1—1 ki iz =11 ji—1 i )
S
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The total payoff of player 7, obtained from all k; hyperedges to which it belongs,
can be expressed in the following algebraic form:

ki i —
() =Y Wia(t) = Wa(t), (6.3)
=1
where W is the structure matrix associated with the overall payoff function ¢;, which
shows the payoff information of the player 7 in all possible strategy profiles.

Example 6.3. Recall Example Consider an HNEG defined on hypergraph
illustrated in Figure [2.1} Each player has two available strategies 1 and 2. There

are a 2-player FNG G, and a 3-player FNG G5. Assume that the payoff matrices
of G and G4 are given in Tables [6.2] and respectively. According to the above

Table 6.2: Payoff matrix on G

Pr
p 11 12 21 22
i1 0 1 -1/ 0
12 0| -1 1 0

Table 6.3: Payoff matrix on Gs

p Pr 1111112121 (122|211|212|221 | 222
71 0 1 /-2|-2]11]1]0
12 0 -2/ 1 |1|-2]1/0
13 O|-2}{1 1 |1]1|=-20

two tables, we know that V> = [0,1,—1,0], Vi = [0,-1,1,0], V> = [0,1,1, -2, —2,
1,1,0], V3 =0,1,-2,1,1,—2,1,0], and V3 = [0, -2, 1,1, 1,1, —2,0].

Consider the player 3, whose three incident hyperedges are E(3) = {E, E3, E3}.
According to equations and , we can calculate the player’s overall payoff
as follows.

calt) = ey (wa(t), wa(t)) + 5 (wa(t), 21 (1), wa(8)) + ¢ (wa(t), wa(t), 5 (1))
= V5w (t)zs(t) + Vaw () s (t)za(t) + Vs (t)za(t)zs(t)
_ ‘/QQDLQ,Q] DE?A]x(t) + ‘/23D£2,2]D£}6,2}$(t) + V13D£4’2}x(t)
= (V7 DD+ VP DRPADS 1+ VD a(t)
= Wa(t), (6.4)
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where .
Ws;=10,-2,2,2,—-2,—-2,-2,0,2,0,0,0,2,2,—2,0,

0,-2,2,2,-2,-2,-2,0,2,0,0,0,2,2,—2,0].

We now proceed to the mechanism governing strategy evolution in the heteroge-
neous HNEG. In the chapter, players revise their strategies following the myopic best
response adjustment rule. Formally, the myopic best response of player i is defined
as

zi(t+1) € Q; == arg max ¢; (xl-,xi/(t», (6.5)

where zy(t) = X en\ 32 (1)

When multiple strategies yield the same maximal payoff, a fixed priority rule
is imposed to guarantee the uniqueness of the selected strategy; specifically, the
strategy with the lowest priority index is chosen. More precisely, when |@Q;| > 1, the
next strategy is determined by

zi(t+1) =min{z | z € Q;}. (6.6)

To systematically determine the myopic best response for each player, we proceed
as follows. First, after straightforward algebraic manipulations, equation (6.3]) can
be equivalently rewritten as

ci(t) = Wia(t) = WiWy iziw_i(t) == Waa_i(t), (6.7)

where z_;(t) := X ;£x;(t) denotes the strategy profile of all players except player 7.
We partition the row vector W; into k blocks according to the number of strategies
of player i:

7W?7"' 7Wf]7

= 1

)

where W € R for a=1,2,--- , k, each of which contains all possible payoffs of
player ¢ when its own strategy is fixed at a, while the strategy profiles of all other
players vary. Then, the best strategy of player ¢ is determined by comparing the
corresponding columns of the k& submatrices. Specifically, for each possible z_;(t),
corresponding to a column index [ € {1,2,--- ,k""!}, we determine

;= L,(W5).
aj := arg ae{I},l%).(. . Col, (W)

If af is not unique, a unique value is selected according to the priority rule given in
. Collecting the best responses obtained above, we construct the logical matrix
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L; := bglai,ab, -+ ,ajur] € Lgypn—1. This matrix maps z_;(t) to the basis vector
corresponding to the best response of player 7. Hence, the algebraic form of the
strategy evolutionary dynamics for player ¢ is obtained as

zilt+1) = Lo (t) = LD} a(t) = Lia(t), (6.8)

where L; € Lj«x» is the structure matrix of the evolutionary dynamics of player i.
Finally, multiplying the equations of all players together yields the algebraic form
of profile dynamics of heterogeneous HNEGs

z(t+1) = Lx(t),

where L =L, % Lox---% L,, € Lynypn.

Example 6.4. Recall Example We now calculate the algebraic form of evolu-
tionary dynamics for player 3.
According to equation , we obtain

Wy = WsWyg = [0,-2,2,2,2,0,0,0,0,-2,2,2,2,0,0,0, —2, —2,
—2,0,2,2,—2,0,—2,-2,-2,0,2,2, —2,0].

Split the matrix Wy into 2 blocks, W; = [0,-2,2, 2,2,0,0,0,0,—2,2,2,2,0,0,0]
and W2 =[-2,-2,-2,0,2,2,-2,0, -2, ~2, ~2,0,2,2, —2,0]. Since

Col, (W) > Col, (W),

we have aj = 1. By comparing the remaining columns in the same manner, we
obtain Ly = dsfa}, a3, -+ ,ajs] = 02[1,1,1,1,1,2,1,1,1,1,1,1,1,2,1,1]. Therefore,
the algebraic form of the evolutionary dynamics for player 3 is:

w3t + 1) = Lyw_(t) = LyDa(t) := Laa(t),

where L3 = d5[1,1,1,1,1,1,1,1,1,2,1,1,1,2,1,1,1,1,1,1,1,1,1,1,1,2,1,1,1,2,1, 1].
Based on the obtained algebraic representation, the evolutionary dynamics of
the heterogeneous HNEG can be systematically analyzed, including the evolution
of players’ strategies and the resulting payoff profiles. However, under natural evo-
lution, the system may converge to certain strategy profiles in which the payoffs of

some players fall below the minimal level required for sustainable participation. In
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practical scenarios, such situations may correspond to states where players cannot
maintain viable operation or survival, and thus external intervention becomes nec-
essary. To address this issue, the following subsection introduces control into the
heterogeneous HNEG framework and aims to design proper control strategies such
that the payoffs of all players exceed a prescribed threshold in minimum time and

remain above this level thereafter.

6.3 Strategy Optimization

By embedding control players, whose strategies can be freely selected as control
inputs, into the existing hyper-network structure, the original heterogeneous HNEG

is transformed into a controlled heterogeneous HNEG.

Definition 6.5. [107] The triple ((N E), G, H) is called a controlled heterogeneous
HNEG if the player set N is decomposed into two disjoint subsets N = U U Z and
UNZ = 0, and for every u € U, its strategy can be arbitrarily selected from its
strategy set at each instant ¢t. Here, u € U is called a control player and z € Z is

called a state player.

We assume without loss of generality that the first v players in the set N act as
control players, that is, U = {1,2,--- jv}, and Z = {v+ 1,v +2,--- ,n}. For all
state players in the set Z, we still adopt the myopic best response adjustment rule
as the strategy update rule. Under this assumption, equation can be rewritten
as

zi(t + 1) = Liu(t)z(t), (6.9)

where u(t) := x_;z;(t) and 2(t) := x%_ ,,7;(t). By multiplying the equations of

of all state players, we obtain the following system dynamics:
z(t+1) = Lu(t)z(t), (6.10)

where L = L, 1% Lyyo%---% L, € Lin—vyn is the structure matrix of the controlled
heterogeneous HNEG.

Let P denote the prescribed payoff threshold for all players. Based on equation
(6.3)), we define the set Q° as follows:

Q! = {67, | Col;(W;) > P}. (6.11)

This set consists of all strategy profiles such that the payoff of the i-th player reaches
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or exceeds the prescribed threshold. The same procedure can be applied to derive
the payoff information of all other players and their corresponding sets Q. We
further define the set

Q=0'Nn?nN---NOQ" (6.12)

It follows that any strategy profile in {2 guarantees that all players’ payoffs reach or
exceed the prescribed threshold.

The strategy optimization problem is to determine a control sequence that drives
the system into the set 2 in the shortest possible time and keeps it inside there-
after. This problem can be formulated as the minimum-time reach-and-stay optimal
control problem with respect to the set €2:

s.t.

where u = {u(0),u(1),- -} represents a control sequence and 7" is an unknown but
finite terminal time.

To solve the problem, we first guarantee the system stay in it once entering
the set €. Since the control input can be freely selected, the invariant analysis is
carried out on the state space Ajn—» rather than on the profile space Ag». Thus,
we characterize a maximum control invariant subset generated by set {2, whose

definition is introduced as follows.

Definition 6.6. [124] A set ® C Ajn—v is called the control invariant subset gen-
erated by set (2, if for any state z(0) € ®, there exists a proper control sequence
{u(0),u(1),-- -} such that u(t)z(t) € Q for any ¢t > 0. ®* is called the maximum
control invariant subset generated by €2 if each control invariant subset generated
by € is the subset of ®*.

Since Ajn-v is a finite set and the admissible control inputs satisfy u(t) € Agv,
the existence of a solution of the optimal problem can be guaranteed once feasibility
is ensured. If the maximum control invariant subset ®* is nonempty, then the
optimization problem can be viewed as a minimum-time set controllability problem,
which is to design the strategies for control players such that any initial state z(t)

reach the set ®* in minimum time. In the following, we propose the following
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proposition to clarify the relationship between strategy optimaization problem and
minimum-time set controllability problem for system ((6.10)).

Proposition 6.7. Consider system and assume ®* # (. For any initial
state z(0) = zop € Apn-v, there exists a smallest integer T > 0 and a control
sequence {u(0),u(1),---} such that u(t)z(t) € Q for any t > T if and only if for
any initial state zg € Apn—v, there exists a smallest T > 0 and a control sequence
{u(0),u(1), -} such that z(T) € P*.

Proof. (Sufficiency) Suppose that for any initial state zy € Agn-v, there exist a
smallest integer 7' > 0 and a control sequence {u(0),u(1),---} such that z(¢) €
¢*, V¢t > T. Due to 2(T) € ®*, we know from Definition that u(t)z(t) €
Q, YVt >T. Since T is the shortest time such that z(7T) € ®*, we conclude that
for any initial state zy € Apn—v, there exists a smallest integer 7' > 0 and a control
sequence {u(0),u(1),---} such that u(t)z(t) € Q for any t > T.

(Necessity) Assume that for any initial state zy € Agn-v, there exists a smallest
integer 7' > 0 and a control sequence {u(0),u(1),---} such that u(t)z(t) € Q for
any t > T. Fix an arbitrary initial state zo. Consider the state z(7"). The sequence
{u(T),u(T 4+ 1),-- -} keeps the strategy profile in Q for all future times. Hence, by
Definition [4.2] it follows that z(T) € ®*.

We prove by contradiction that 7" is the smallest integer. If there exist an integer
T < T such that z(T) € ®*, then we have u(t)z(t) € Q for any ¢t > T, which
contradicts the assumptions. Thus, for any initial state zg € Apn—v, there exist a
smallest integer 7' > 0 and a control sequence {u(0),u(1),---} such that z(¢) €
O Vi >T. O

In the following, we first check the existence of a control sequence that ensures
all players’ payoffs reach and remain above the threshold, and then design a state
feedback controller such that any initial state reach the set ®* in minimum time.

According to the canonical factorization induced by STP, for any integer 1 <
j < k™, there exist unique integers 1 < a < k¥ and 1 < g < k™Y such that
5%% = 0j 6,[:”,1,. Accordingly, we define the following two sets:

Z={0) | 6. =000, ., 0. €Q}, (6.13)

and
U={62 | 0. =06800. ., 0. € Q. (6.14)
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It follows from Definition [6.6] that the control invariant subset ® is a subset of Z
and and that admissible controls are selected only from the set U.
We construct a restricted transition matrix L as follows:

- (L)gj, if 61 € Qand o, , € Z,
(L)s; = R
’ 0, otherwise.

From the matrix L, it follows that when u(t)z(t) € Q and z(t + 1) = Lu(t)z(t) =
Lu(t)z(t) # Ognv, then z(t +1) € Z. If 2(t) = Ogn-v, then z(t + 1) = Lu(t)z(t) =
L0y = Ogn—v holds for any u(t) € Ago.

Let v := |U| and U := {63,002, -+ , ;% }. We establish a bijective correspondence
8 ~ 48t i=1,--- v, and denote the reduced control variable by u(t). This one-to-
one correspondence is described by a function p : Age — A, U{0,} and its algebraic

form can be written as

a(t) = Pu(t), (6.16)

where the matrix P € R, «» is constructed as

., fa=v,i=1---,v,
Col,(P) = % K
0,, otherwise.

Divide the matrix L equally into k¥ blocks and we select the ~;-th block, where

1=1,2,---,v, to yield the following matrix,

L = [Blk., (L), Blk.,(L),--- , Blk,, (L)]. (6.17)

~ ~

That is, Blk;(L) := Blk,,(L). Construct the matrix

F = Z Blk,(L). (6.18)

=1

It follows that F collects all one-step transition information of the states in Z under
admissible controls from the set «. Then, we have the following result to verify

whether a given state set is a control invariant subset for the controlled heterogeneous
HNEG.

Theorem 6.8. For system , the set ® is a control invariant subset generated
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by ) if and only if for any 5,@177} € ®, it holds that
Colg(F ™) = 0pn-v, (6.19)

where T := | Z|.

Proof. Definition implies that state z(0) = 5,’fn,v € @ if and only if suitable
controls u(t) can be found such that u(t)z(t) € 2 for any integer ¢t > 0. Therefore,
it suffices to show that the trajectory of w(t)z(¢) will always remain in the set
starting from state z(0) = 5,5717” € &, if and only if condition 1} holds.

(Necessity) Without loss of generality, for a state z(0) = 5,’5&0 € @, there exists
a control sequence {u(0),u(1),--- ,u(r —1),---} = dpo{ag, 1, ,Qr_1,---} to
guarantee the trajectory of u(t)z(t) € Q with integer ¢ > 0 will remain in €. Since
there are exactly 7 states in the set Z, we focus on the system evolution within 7
steps:

2(0) =60, 2(1) =00, = Lo2es oo (7)) = 80, = Loy 1okl

Clearly, 5?555;_1, belongs to the set Q for i = 1,2,--- ,7 — 1 and 6, € U. Define
O 1= (52?. Hence,

Bit1 __ vel]
5P — L5eis g,

_ T80 sBi
kn—v kn—v - L(Skv(;

- = LoJiol . (6.20)
Multiplying both sides of by ((55@1)T yields
(L61)g 05 =1, Yi=0,1,--- 7—1
Since F = L x 1, = L(8} 4 62 + - -- + 6%), which implies that

(F)ﬁi-uﬂi > (zéii>ﬁi+1ﬁw

~ ~ ~

then we have (F)ﬁlﬁo > 1, (F),g%ﬂl > 17 ety (F)57737_71 > 1, further,
(1 — n (1 n (1
-1 -1
(F( ))ﬂz,ﬁo = Z (F)ﬁz,i(F( ))i,ﬂo > (F),Blaﬁlfl (F( )>5171750 > 17 [ = 2737 e, T
=1

It follows that Colg, (F(™) > O4n—o. Therefore, for any 55,1,@ € @, Colg(F™)) = Opn-v.
(Sufficiency) According to the construction of matrix F, we know that each
entry of F is either a positive integer or 0. If (} holds, there must exist an index
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I € {1,2,--- k""} such that (F'T)lﬁ > 1. Further, there exist positive integers
B1, B2, -+, PBr_1 such that

(Fgs =1, (F)gyp, =1, -, (Fip,, > 1.

According to the inequalities above, columns @(0) = 6%, a(1) = 62, - -+, a(r — 1) =
§77=1 can be found such that
00 = L6100, # Opnvy v, Ohns = LOI160771 # Ognv.
From (6.16)), we have u(t) = PTPu(t) = P"u(t). Hence, there exist u(0), u(1),
-+, u(T — 1) such that

Oppo = LOP0p o = LPu(0)85, . = Lu(0)d, .,

Ot = LoI167°0 = LPu(r — 1)607) = Lu(r — 1)00571,

where (5571% # Opn—v with ¢ = 1,2,--- ;7 — 1. There are 7 + 1 states that are not
equal to Opn—v, all of which belong to the set Z. However, the set includes 7 states.
Thus, at least two states are equal among (5,[3”,“ 5,’531%, e ,55;1 and d},_., which
implies that a cycle is formed during the system evolution starting from state 5,fn_v
under a control sequence. Therefore, for the initial state z(0) = (5,[:”,” € @, the
trajectory of u(t)z(t) will forever stay in the set . O

Remark 6.9. While [127)] investigated coupled evolutionary public goods games un-
der payoff threshold constraints, the present work considers the more generalized
HNEGSs characterized by degree and order heterogeneity. Furthermore, compared to
their results on subset invariance, the proposed approach significantly reduces the
computational burden in two aspects: (i) by focusing on the control subset U, the
number of summation terms required for the construction of matrix F is drastically
diminished; (ii) our necessary and sufficient condition only requires powers ofﬁ up
to the cardinality of the state subset Z, rather than the entire state space, thereby

enhancing the efficiency of the invariance analysis.

Based on Theorem and its proof, the maximum control invariant subset ®*
can be computed via Algorithm [9]
We then examine whether any state in Agn—o \ ®* can be steered into the set ®*

under suitable control sequences. To this end, the aggregate indicator vector of ®*
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Algorithm 9 Computation of the Maximum Control Invariant Subset ¢*

Require: Matrix L and set {2

Ensure: The maximum control invariant subset ®*
1: Compute the state subset Z and the control subset U based on and .
2: Initialization: Set 7 < |Z], v « |U[, and @* « 0.

3: Construct the restricted transition matrices L, L, and F according to equations 1)
(16.18)).

4: for each state (557,,_1, € Z do

5. if Colg(F™) = Oy then

6: Update the subset: ®* < ®* U {(5,fn_v}.

7. end if

8: end for

9: return ¢*

is defined as
Voo = > 0. (6.21)

&P epr

kn—v

Let
kv En—v_1

M = > Blk(L) and F = > MO,
i=1 =1

The matrix F is the controllability matrix of system 1) characterizing all pos-
sible state transitions in An.—» that can be induced by admissible control sequences
within at most £"~¥ — 1 steps. This observation leads to the following theorem.

Theorem 6.10. For any state 5,fn,v € Apn—v \ O, there exists a finite control

sequence that steers the state into ®* if and only if
(Vo) TColg(F) > 0, ¥ 87 € Apnv \ O (6.22)

Proof. Note that Fis a nonnegative matrix encoding one-step transitions under
admissible controls. Consequently, for any [ > 1, (ﬁ ;4 > 0 if and only if there
exists an admissible control sequence of length [ that steers the state from §%,_. to
&, .. Hence, with F = K "~ M®_ we have (F);; > 0 if and only if the state
8! .. can reach 07, within at most k"~” — 1 steps.

Moreover, since the state space Ayn—v is finite, any reachable trajectory can be
reduced to a simple path by removing cycles. Thus, the existence of a finite control
sequence that reaches a destination state is equivalent to the existence of one with
length at most £"~¥ — 1. Now fix an arbitrary éfn,v € Agn—v \ ®*. There exists a
finite admissible control sequence that drives 55}”7” into ®* if and only if there exists
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some 552711 € ®* such that 55717@ can reach 5527“ ie.,
(0P T Cols(F) > 0.
Using equation ([6.21]), we obtain

(Vo-)TColg(F) = 3= (8i_,)"Colg(F) > (d,:-,)"Cols(F) > 0.

PA=Y

knf'U
This completes the proof. O

Theorems and guarantee the existence of a controller. We now turn to
the controller design. Specifically, we consider the state feedback control law of the
form:

u(t) = Kz(t), (6.23)
where K € Lo n—v is the state feedback gain matrix. The controller design consists
of two stages and follows the truth matrix approach proposed in [94].

The first stage aims to design the state feedback controller (6.23)) to guarantee
the invariance of the target set ®*. To this end, we construct the following truth
matrix:

(T)j5 = (6.24)

- 1, if LoJ6P, , € ®* and o, , € O,
0, otherwise.
The matrix T € B, «k"™", whose rows and columns represent the controls in &/ and
the states in Apn—v, respectively, characterizes the relationship between states and
admissible controls.

We then present the following theorem to determine the admissible controller
choices for states in the set ®* under state feedback controller .

Theorem 6.11. Consider system under the state feedback controller .
For any initial state 5,fn,v € O, the corresponding state trajectory remains in P*
for all time if and only if

Colg(K) < Colg(PT), (6.25)

where Colg(K) € Ay, and the matriz P is defined by equation (6.16).

Proof. Any initial state 5,’fn_v € ®* remains in ®* for all time if and only if, for any
time instant ¢ such that z(t) = 5,’fn,v € ®*, the subsequent state z(t+ 1) also belongs
to @* under the state feedback controller u(t) = Kz(t).
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Under the state feedback law, the control applied at the state 55,1,@ is uniquely
determined as
u(t) = Koy, = Colg(K) := o2..

Thus, the state 5,fn_v is invariant if and only if
00y, €Q and 2(t+1) = Ld%o0. . = Logor, , € O*.
Since 05, € U, there exists a unique index j € {1,2,--- v} such that
§ = P&y, ie., 6% =P

Consequently,

Log.67, . = LP 6100, , = Lo, , € &,

~

which implies (T);3 = 1. By examining all j € {1,2,---,v} satisfying (T),5 = 1,
denoted by j1, jo, -+ , Js, We obtain

Colg(T) = 6 + 00 + -+ + 6%,

Using the relation 62, = PT67, there exist indices ay, s, -+ , @, such that §pf =
PT6i 1 =1,2,--- 5. Hence,

ol 522 4.4 5% = PTColy(T) = Colg(P'T).
Therefore, for the state 5,6171] € ®* the state feedback controller must satisfy
Colz(K) < Colg(PTT),

which guarantees that the state trajectory remains in ®*. This completes the proof.
m

The second stage aims to steer any state in Agn—o \ * into the set ®* under the
state feedback controller ((6.23]).
Let Ro(®*) := ®* and Ag := Agn—v \ ®*. Define the truth matrix

1, if Log.07, , € ®* and 67, , € A,

. (6.26)
0, otherwise,

U%@ﬂm%ﬁZ{

where YA’RO(@NAO € Bjoypn—v. Based on the above truth matrix, we define the set of
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states that can reach ®* in exactly one step under suitable controls as
R1<(I)*> = {55"*” ‘ COlﬁ(fRo(‘l’*)\Ao) ~ Ok“}-

Since all states in R;(®*) originate from Ay, the set R;(®*) is referred to as the
one-step reachable set of ®*. Similarly, for ¢ > 1, define

At = At—l \ Rt<q)*),

and construct the truth matrix

1, if L6307, . € Ry(®*) and &y, ., € Ay,

. (6.27)
0, otherwise.

(TRy(@*)A, ) s = {

where th((p*)Mt € Bjoym—v. Note that if £ = 0 in equation 1) then it becomes
equation (6.26)). Accordingly, the (t + 1)-step reachable set of ®* is defined as

Rt-l-l(q)*) = {5571*” | COlﬂ(th(‘I’*)Mt) ~ Ok”}'

To facilitate understanding, the process of constructing the reachable sets is illus-
trated in Figure [6.2

/

-
v
ch KAO M

Figure 6.2: The process of finding reachable sets.

Theorem 6.12. Any state 5,fn_v € Apn—v \ ®* reaches ®* in minimum time under
the state feedback controller if and only if there exists a smallest integer
0 <& < k" —|D* such that

5*

U Ri(®*) = Agn \ ©*. (6.28)

i=1
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Moreover, for any (5,’?”,” € Apn—v \ F, the feedback gain matriz K satisfies
Colz(K) < Colg(T), (6.29)

where Colg(K) € Apv and T := Zf;al th@*”At.

Proof. (Sufficiency) Suppose that there exists an integer 0 < £* < k"% — |®*| such
that equation holds and the feedback gain matrix K satisfies equation (6.29)).
Consider an arbitrary state 5kn v € Apn—v \ ®*. By , there exists an integer
i€ {l,2,--- &} such that (5kn » € R;(®*). By the definition of the reachable sets,
there exists a control g, such that Ldg, 5,fn v € Ri_1(P%).

Moreover, since (5kn,v € R;(®*), we have 5,fn,v € A;_;. By the construction of
TRFl(@*)I A,_,, the nonzero entries of Colg(T) correspond exactly to the admissible
controls that drive 5,fn,v from R;(®*) to R;_1(P*). Therefore, condition 1) guar-
antees that Colg(K) selects one such admissible control. Further, under the feedback
law u(t) = Kz(t), the state evolves from R;(®*) to R;_1(P*). Repeating the same
process yields R;(®*) — R;_1(®*) — -+ — Ry(P*) := P*. Hence, every state in
R;(®*) reaches ®* in i steps.

Moreover, R;(®*) N R;(®*) = () for any j # i. Therefore, no state in R;(®*) can
reach ®* in fewer than 7 steps. It follows that the state reaches ®* in minimum time.

Once the state enters ®*, Theorem [6.11| guarantees that it remains in ®* for all
subsequent times. Therefore, every state in Agn—v \ ®* reaches ®* in minimum time
under the state feedback controller ([6.23)).

(Necessity) Assume that every state 07, , € Agn—v \ ®* reaches ®* in minimum
time under the feedback law u(t) = Kz(t). For each state 6y, , € Agnv \ @, let
i denote its minimum reaching time to ®*. By the definition of the reachable sets,
5,fn_v € R;,(®*). Since the state space is finite, there exists

£ = p énAaX - ig < K"V — |97
kn—v

kn—uv

Therefore, Agn—v \ &* = U5, R;(P*).

Next, consider an arb1trary state 5kn » € R;(®*). Since the controller drives
the state to ®* in minimum time, we know from the definition of R;(®*) that
LCols(K)dY, . € Ri_1(®*). By the definition of T, _, (@+)j,_,, this implies Colg( K )<
Colg (TR (@) A 1). Since TR L@ Ay < T, it follows that Colg(K) < Colg(T )

O

Finally, according to the proof procedures of Theorems and the state
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feedback gain matrix K is designed via Algorithm [I0]

Algorithm 10 Construction of the State Feedback Gain Matrix K

Require: Matrices L,E from 1) set ®*, and matrix P from 1j
Ensure: State feedback gain matrix K

1. Initialization: Set Ro(®*) < ®*, Ag < Apn—o \ ©*, and ¢t < 0.
2: if ®* = () then

3:  return “No state feedback controller exists.”

4: end if

5: Compute truth matrix T according to (6.24)).

6: for each 5,fn_v € ®* do

7. Select Colg(K) € Agv such that Colg(K) < Colg(PTT).
8: end for

9: while A; # () do

10:  Compute TRt—l(CD*”At—l according to .

11 Ry(®*) « {6, | Colg(Tr, (@), 1) = Op}.

12:  if Ryyq1(®*) = () then

13: return “No state feedback controller exists.”

14:  end if

15: At+1 — A \ Rt+1(q)*).

16: t<+—t+ 1.

17: end while

18: Set £* + t and compute T + Zigl fRi(fb*)\Ai'

19: for each (Slfn_v € Apn—v \ ®* do
20:  Select Colg(K) € Ayv such that Colg(K) < Colg(T).
21: end for
22: return K

Remark 6.13. Algorithm [0 provides a constructive and finite-step solution to the
strategy optimization problem formulated earlier. Specifically, it constructs the state
feedback gain matriz K by iteratively computing the truth matrices TRt(é*)lAt and
the reachable sets Ry (®*). At each iteration, the truth matriz is obtained by
checking all state-control pairs (5571—”7 %), which incurs a computational complez-
ity of O(K"" - k). The number of iterations of Algorithm is upper bounded by
k"= — |®*|, since each iteration strictly reduces |N;|. Therefore, the overall worst-
case computational complezity is bounded by O(k**~?) assuming |Ag| = k¥ is small

relative to |Agn—o| = K"V,
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6.4 An Example

Example 6.14. Consider a stag hunt game in which hunters coordinate to capture
a deer on a heterogeneous hypergraph consisting of six nodes (hunters), labeled by
N = {1,2,--- ,6}, and six hyperedges, labeled by £ = {E', E? ---  E®}. Among
these hyperedges, three are of order two and three are of order three, as illustrated
in Figure[6.3 Each hunter (player) has two available strategies: coordinate (C') and
defect (D). The payoffs for mutual cooperation are set to r; = 4 and r = 6, while
the payoffs for mutual defection are p; = 3 and py; = 4, for the 2-player FNG G and
the 3-player FNG G5 respectively. In the game G, if one hunter cooperates while
the other yields to temptation and defects by choosing to hunt a hare, the defector
obtains a lower payoff (¢ < r;), whereas the cooperator hunts in vain and receives
a zero payoff (s = 0 < p;). In the game Gj, two additional payoff parameters
are introduced: the payoff for defecting against one cooperator and one defector
(w = 0), and the payoff for cooperating against one cooperator and one defector

(e = 3) [130].

111 | 112 | 121 | 122 | 211 | 212 | 221 | 222 |1
6 00 0] 2|33 4|
6 10| 2 3]0 0] 34
6 | 20301 3] 0] 4
| Pro i
il 11|12 | 21|22 |}
§ Al 4 Ao 23]
""""""""" 5 142073

Figure 6.3: Stag hunt game on a hypergraph consisting of six nodes and six hyperedges.
The central illustration highlights the local interaction structure of player 4. The overall
payoff of the player 4 is an aggregate of payoffs derived from these distinct hyperedges, as
detailed in the corresponding payoff matrices for the 2-player and the 3-player FNGs.

Let C =1 and D = 2. The payoff matrix of each player on the 2-player FNG
(G; and that on the 3-player FNG G is shown in Figure [6.3

Now suppose a forest ranger can instruct the first two hunters in their daily
hunting strategies, while the remaining four hunters choose strategies myopically
based on their own interests. The forest ranger aims to achieve the following goal:
the payoff of every hunter reaches a prescribed subsistence level (payoff threshold)
P = 4 in minimum time, and once this level is reached, the entire group can maintain

a stable status in the long term. Thus, we assume that players 1 and 2 are control
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players and then design the strategies for control players such that the payoff of each
player reaches and remains above P = 4 in minimum time.

According to the payoff matrix shown in Figure [6.3] we obtain the payoff vec-
tors of player i on hyperedges of order g. Specifically, for the game Gy, V? =
[4,0,2,3], V# = [4,2,0,3], and for the game G, V¥ = [6,0,0,0,2,3,3,4], V33 =
6,0,2,3,0,0,3,4], and V3 = [6,2,0,3,0,3,0,4]. Furthermore, according to Egs.
, and , we derive the algebraic form of payoff for player 1 as follows:

cr(t) = Vi (t)za(t)as(t) = VEDFVa(t) = Wi (t)a_i (1),

where

W, =16,6,6,6,6,6,6,6,0,0,0,0,0,0,0,0,0,0,0,0,0,
0,0,0,0,0,0,0,0,0,0,0,2,2,2,2,2,2,2,2 3,3,
3,3,3,3,3,3,3,3,3,3,3,3,3,3,4,4,4,4,4, 4,4, 4].

Similarly, the structure vectors of the payoff for the remaining players can be calcu-
lated and are omitted here due to space limitations.

According to myopic best response adjustment rule Egs. and , we
can construct matrices L; with ¢ = 3,4,5,6. Due to space limitations, the explicit
expressions are omitted.

We redefine the strategies of the control players (z1,z5) as u; and ug, and the
strategies of the remaining players (z3, x4, T5,%g) as 21, 22, 23 and z4, further, we

obtain the algebraic form of the controlled heterogeneous HNEG as
z(t+1) = Lu(t)z(t), (6.30)

where
L =06[1,3,2,8,12,12,12,16,1,7,6, 8,12, 16, 16, 16,9,
15,14,16, 12, 16, 16, 16, 13, 15, 14, 16, 16, 16, 16, 16,
1,3,2,8,12,12,12,16,9, 15, 14, 16, 12, 16, 16, 16, 9,
15,14,16,12, 16,16, 16, 13,15, 14, 16, 16, 16, 16, 16].

According to Egs. (6.3)), (6.11)) and (6.12)), we compute the strategy profile set under
which the payoff of each player exceeds the prescribed threshold P = 4 as follows:

Q= {5(1547 534» 58‘14: 524, 524’ 52; 522, 5gia 522}- (6'31)

Next, we design a state feedback controller u(t) = Hy(t) such that any initial
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profile u(t)z(t) converges to the set 2 in minimum time 7. We first calculate the
maximum control invariant subset generated by (2.

The set Q can be divided into Z = {84, 0%, 075, 036, 036, %65 010, 015, 010} and
U = {6},1}. Then, we know from Algorithm El that the maximum control invariant
subset is ®* = {015, 076, 0%, 036, O1e, 01}

By constructing the truth matrix

(P { 1, if L&io%, € @, &7 € o~
s =

0, otherwise,
and calculate the matrix
1
P 0 00 7
0001
we can determine several columns of the state feedback gain matrix K, namely,
Coly(K) = §;, Coly(K) = d,, Colg(K) =,
COlg(K) = 53, COllg(K) = 62, Collﬁ(K) = (52
Moreover, let Ry(®*) := ®* and Ay := Ay \ ©*. By constructing the truth matrix

1, if L8goys € ®*, db € Ay,

j\—' * o —
( Bo(® )‘AO) P { 0, otherwise,

we have the one-step reachable set of @, i.e., Ry (®*) = {6%, 076, 012, dia, dig}. And
Ay = Ao\ Ry (®*) = {6%, 82, 6%, 010, 01¢ }. Then, construct the truth matrix

(7 Vs = 1, if LO26Ys € Ri(D*), 675 e Ay,
B (@)A1 B = 0, otherwise.
Accordingly, Ry(®*) = {03, 0%, 036, 010, dia . Tt follows that
Ru(®*) + Ro(®%) = Agg \ &7,

and hence the minimum convergence time is £* = 2. The remaining columns of the

matrix K can be designed according to Algorithm [10] as follows:

Coly(K) € {02,64}, Coly(K) € {62,611, Cols(K) € {6}, 62,83, 611,
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Colg(K) € {63,685}, -+, Colis(K) € {85,03,03 51}

Therefore, the state feedback gain matrix K can be designed as
K = 54[]-7 Z.27 7;37 17 i57 7;67 Z.77 17 47 7:107 Z'117 i127 47 i147 i157 4] (632>

where i, 3,16, i7, 112 € {2,4} and is, 419,911, 414, 115 € {1,2, 3,4}, such that the cost
function satisfies J(u, z9) = 2. This implies that the payoff of each player exceeds
the threshold P = 4 in minimum time.

Specifically, we select one state feedback gain matrix K = d4[1,2,2,1,1,2,2,1,4,
4,1,2,4,3,3,4] from equation . Under this controller, the state evolution tra-
jectories of system starting from any initial state are illustrated in Figure .
The corresponding strategy evolution of the six players is shown in Figure[6.5], where
the blue hollow circles and solid circles denote strategies 1 and 2 respectively. Here,

we only present the cases with initial states dlg, 0%, 05, and dj; due to space limi-

tations.
16/
——control §}
14 control &7
—~12F —control 6%
= control 8}
@ 10
g3
=
£ 9]
=4
2 -
0 1 2 3 4

Time ¢

Figure 6.4: State evolution trajectory from every initial state under the state feedback
controller u(t) = 04[1,2,2,1,1,2,2,1,4,4,1,2,4,3,3,4]2(t), where i on the z-axis corre-
sponds to z(t) = &i.

6.5 Conclusion

This chapter investigated the strategy optimization problem for a class of con-
trolled heterogeneous HNEGs with structural heterogeneities. First, the algebraic
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O strategy1 @ strategy 2

(a) Initial state d} ~ (1,1,1,1) (b) Initial state d35 ~ (1,1,1,2)
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Figure 6.5: Strategy evolution of each player under the state feedback controller u(t) =
04[1,2,2,1,1,2,2,1,4,4,1,2,4,3,3,4]2(¢).

representation of the payoff functions was derived, based on which an algebraic
framework of heterogeneous HNEGs was established using the STP approach. By
introducing control players into the game, the resulting model can be viewed as a
controlled heterogeneous HNEG and the optimization problem was converted into
an equivalent minimum-time set controllability problem. Necessary and sufficient
conditions for set controllability and control invariance were provided. Moreover, a
state feedback controller was designed based on truth matrices, guaranteeing that all
players’ payoff reach and remain above the prescribed threshold in minimum time.
A stag hunt game on a heterogeneous hypergraph example validated the feasibility
of the proposed control design.




Chapter 7

Conclusion and Future Work

7.1 Conclusion

This thesis has investigated the identification and control of logical dynamical
systems within a unified algebraic framework based on the STP. The main focus has
been on addressing fundamental problems arising in identification of SBNs, ROTP
of BNs and SBNs, and strategy optimization of heterogeneous HNEGs.

First, the identification problem for SBNs has been studied under general switch-
ing structures. By establishing a unified algebraic representation that captures the
joint effects of state transitions, outputs, and switching signals, conditions for sys-
tem identifiability have been derived. The results reveal that the identifiability of
the overall system depends not only on the properties of individual subnetworks but
also on the interaction between switching mechanisms and observation structures.

Second, the notion of the ROT has been introduced for BNs and BCNs. This
formulation relaxes the conventional requirements of exact and periodic tracking
and provides a more flexible framework for describing long-term system behaviors.
For BN and BCNs, algebraic conditions and constructive controller design methods
have been developed to ensure recurrent tracking performance.

Third, the ROTP has been further extended to SBCNs. By reformulating the
problem in terms of set controllability, a systematic approach has been established
to jointly design control inputs and switching signals. The results highlight the
critical role of switching mechanisms in shaping system reachability and tracking
capabilities.

Finally, the proposed algebraic framework has been applied to evolutionary game
systems with higher-order interactions. By modeling HNEGs as logical dynamical
systems, the strategy optimization problem has been transformed into a control

101
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problem under constraints. This demonstrates the effectiveness and generality of
the developed framework in addressing complex multi-player interaction systems
beyond traditional BNs.

Overall, this thesis provides a unified perspective for modeling, analysis, and
control of logical dynamical systems, bridging BNs, SBNs, and HNEGs within a

common algebraic framework.

7.2 Future Work

Although significant progress has been made in this thesis, several directions

remain open for future investigation.

1). Identification under partial observation and noisy data: The identification re-
sults developed in this thesis are mainly based on ideal observation settings.
In practical applications, measurements are often incomplete or corrupted by
noise. Extending the identification framework to scenarios with partial ob-
servability, output uncertainty, or stochastic disturbances is an important and
challenging direction.

2). Scalability and computational complexity: As the network size increases, the
state space of BNs grows exponentially, leading to significant computational
challenges. Developing scalable algorithms and efficient computational tech-
niques for large-scale systems is essential for practical applications.

3). Extension to more complex ROTP and general logical systems: Generalizing
the results of ROT to cases where the reference signal evolves dynamically is
an important direction for future research. Such extensions introduce addi-
tional complexities, as the current methodologies for designing state feedback
controllers are not directly applicable. New approaches will be required to ad-
dress the dynamic evolution of the reference signal and analyze the associated
recurrent behaviors. Moreover, studying ROTP for specialized network types,
such as those with restricted states and controls or faulty structures, could also
be a meaningful research direction, which promises to significantly expand the

applicability of ROTP to more complex and realistic systems.

4). Output feedback and dynamic control design: The control strategies considered
in this thesis are primarily based on state feedback. However, in many real-
world systems, full state information may not be available. The development
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of output feedback control and other convenient methods for ROTP of BNs,

particularly under switching environments, remains an open problem.

. Advanced strategy optimization in HNEGs: For HNEGs, further research can

be conducted on more general strategy update rules, distributed optimization
methods, and learning-based approaches. In particular, incorporating uncer-
tainty, time delays, and adaptive behaviors into the control and optimization
framework would enhance its applicability to real-world systems. Additionally,
the number of control players is predetermined in this thesis, thus finding the
minimum number of control players to optimize the game is a topic worthy of
further research.
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